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Abstract We show that the crossed modules and bicovariant different calculi on two 
Hopf algebras related by a cocycle twist are in 1-1 correspondence. In particular, 
for quantum groups which are cocycle deformation-quantisations of classical groups 
the calculi are obtained as deformation-quantisation of the classical ones. As an 
application, we classify all bicovariant differential calculi on the Planck scale Hopf 
algebra C[x]^^gC[p]. This is a quantum group which has an h — > limit as the 
functions on a classical but non-Abelian group and a G — > limit as flat space 
quantum mechanics. We further study the noncommutative differential geometry 
and Fourier theory for this Hopf algebra as a toy model for Planck scale physics. 
The Fourier theory implements a T-duality like self-duality. The noncommutative 
geometry turns out to be singular when G — > and is therefore not visible in flat 
space quantum mechanics alone. 
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1 Introduction 

Recent years have seen considerable advances in the noncommutative geometry related to quan- 
tum groups, including a more or less complete theory of quantum bundles and connections 
with quantum group structure, quantum homogeneous spaces, etc. Particularly important for 
all these constructions is the differential calculus or bimodule Q 1 of 1-forms on the 'quantum 
space'. Recently, the translation-bicovariant calculi on the quantum group itself have been clas- 
sified for the class of 'factorisable' quantum groups Q. Using different methods, one also has 
a classification of the calculi on bicrossproduct Hopf algebras C(M)mCG associated to finite 
group factorisations 0]- 

In this paper we present a third and novel 'deformation theoretic' approach to the con- 
struction of differential calculi which works for quantum groups which are cocycle deformation- 
quantisations || of classical groups. We show that the calculi on the quantum group are in 
correspondence with the calculi on the classical group and we provide the explicit deformation- 
quantisation of the latter to obtain the former. This includes the large class of quantum groups 
related to triangular solutions of the Yang-Baxter equation Q, not covered by the previous 
approaches. 
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The paper consists of a general functorial result (in Section 3) concerning how the construc- 
tion of quantum differential calculi on a quantum group responds under a certain 'cotwisting' 
or 'gauge equivalence' operation in the category of quantum groups. The main idea of 

this cotwisting is to start with an initial Hopf algebra H, e.g. a commutative one (the coordi- 
nate ring of a classical group) and modify its product by a cocycle x to a new quantum group 
H x . We show that the exterior algebra of the quantum differential calculus likewise twists as a 
super-Hopf algebra. This is the main result of Section 2. 

The main technical result is the construction of a nontrivial monoidal functor relating the 
bicovariant bimodules over the twisted and untwisted Hopf algebras. Moreover, bicovariant bi- 
modules over a Hopf algebra H are equivalent to the representations of the quantum double 
D{H) or, equivalently, to the crossed modules (Drinfeld-Radford-Yetter modules) ^M. associ- 
ated to H. Therefore a corollary, also in Section 2, is the construction of a nontrivial monoidal 
functor 

J* : f M -> gx-M 
or equivalently (by Tannaka-Krein reconstruction) of an isomorphism 

(for twisting of the coproduct by a certain other cocycle x hi D(H)). 

Finally, in Section 3, we add the consideration of the exterior differential to complete the gen- 
eral theory. As a further nontrivial corollary related to the particular crossed modules needed for 
quantum differential calculi, we obtain an identification (via the above functor) of the quantum 
adjoint action under the twisted and untwisted Hopf algebras, extending a result in ||. 

The second half of the paper consists of the application of these general results to a par- 
ticular Hopf algebra C[x]k^gC[p] which was introduced 10 years ago as a new 'Hopf algebra 
approach' to Planck scale physics 0]. It appears to be the first serious attempt to develop 
gravitationally-modified quantum mechanics as 'noncommutative geometry' by quantum group 
methods, namely by modifying the usual [x,p] = ih commutation relations in such a way as to 
allow a coproduct. Thus, the Planck scale Hopf algebra has two parameters H, G and the Hopf 
algebra structure 

[x,p] = ih(l — e~^), Ax = x ® 1 + 1 <g> x, Ap = p® e~c + 1 (g>p. 

In the limit H — ► one obtains the classical ring C{B + ) of functions on a group B + = MiXqIR 
(a non-Abelian but classical group as the classical phase space) and in another limit G — > 
one obtains the usual flat space Heisenberg algebra when restricted to x > (the coalgebra is 
singular in this limit). Here h and G are arbitrary constants, but the latter plays a role similar 
to (a dimensionful multiple of) the gravitational Newton coupling constant when one compares 
free particle motion with the motion of a particle falling into a black hole P] pi . More precisely, 
G plays the role of G^ ew t on M / c 2 where M is the mass of the black hole and c is the speed of 
light. Thus we can also consider G more physically as playing the role of the gravitational mass 
or radius of curvature of the background geometry. 

A main feature of this Planck scale Hopf algebra is its self-duality, i.e. the linear functionals 
on this quantum system (containing the states) can be convolved and as such form an isomorphic 
Hopf algebra which can be viewed as the observables of a dual quantum system (the original 
algebra of observables containing the states of this). It seems likely that more recent construc- 
tions of T-duality in string theory can be viewed as generalisations to string theory of such a 
duality. On the other hand, the noncommutative differential geometry of the Planck scale Hopf 
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algebra could not be explored 10 years ago; we are able to do this now. While we recover the 
known differential calculi on B + as h — > 0, the differential calculi are equally valid for general h 
and thereby extend our geometrical notions to the quantum system. As well as the the classical 
and flat space quantum mechanical limits there is a third limit where ik = G/h is held fixed as 
h, G — > oo, and the Planck scale Hopf algebra tends to the enveloping algebra £7(b_) (b_ the 
opposite of the Lie algebra b+ of B + ). Such an algebra has been proposed as a noncommutative 
model of spacetime (here in 2 dimensions) covariant under the K-Poincare quantum group ||; 
its noncommutative geometry can therefore be obtained as a special case. 

It is known that the Planck scale Hopf algebra is a cocycle twist of U(b+). In view of its 
self-duality this implies that it is also a cotwist deformation quantisation of C(B + ), where B + 
is the group above. We begin this part of the paper in Section 4 by obtaining the cotwisting 
cocycle xn explicitly. In this way we have explicitly the deformation-quantisation which undoes 
the h — > limit above as a switching on of the cocycle Xh- The cocycle Xh has in fact a similar 
form to the operation in the Moyal product ||, i.e. this is a variant of the Moyal product or 
*-product quantisation, the variation being that we do not start from M 2 but from a non-Abelian 
(i.e. in some sense 'curved') classical group manifold B + . On the other hand, the first order 



differential calculi on C(B + ) have been completely classified recently in [ 10 1 and hence our 
general construction in Section 3 provides, in Section 4, a functorial 'deformation-quantisation' 
of these to calculi on the Planck scale Hopf algebra. 

We then compute the entire quantum exterior algebra in the case of the quantisation of the 
standard classical 2-dimensional differential calculus on B + . We also provide some elements of 
quantum Poisson theory in this case, including quantum-geometric Hamilton equations of mo- 
tion. Remarkably, the exterior algebra and this quantum-geometrical picture is highly singular 
when G — > 0, i.e. is not visible in flat space quantum mechanics alone. As in Q, we conclude 
that the presence of even a small amount of 'gravity' makes quantum mechanics better behaved 
and restores its geometry. 

The remaining Section 5 completes the noncommutative picture with formulae for the left 
and right invariant integrals, exponentials and the Fourier transform on the Planck scale Hopf 
algebra. In fact the quantum Fourier transform is a linear isomorphism 

T : C[x\x\n,oPp] -> C[p]Ni gC[x], 

which interchanges the roles of x,p (a version of Born reciprocity) and at the same time requires 
inversion of K. Thus we see that it explicitly implements the T-duality-like feature of our toy 
model of Planck scale physics in j?]]. This self-duality isomorphism is singular when h — > 0, i.e. 
only visible due to the presence of quantisation. When h — * 0, one obtains instead a non-Abelian 
Fourier isomorphism between two completely different objects, namely 

T : C(B + ) - U(b+). 

The right hand side here is also a version of K-Minkowski space, with ik, = G, so Fourier theory 
on this is recovered in the classical limit. 



Preliminaries 

The general results in Sections 2,3 work over a general field k. The application results in 
Sections 4,5 are over k = C We use the usual notations for a Hopf algebra (H, A, S, e) where H 
is a unital algebra, A : H — > H ® H and e : H — > k the counital coalgebra and S : H — > H the 
antipode or generalised 'inversion'. For convenience we require that S is invertible. We use the 
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Sweedler notation Ah = h w <g> /t (2) for h € H and similarly for a coaction (3 : V ^ H <S>V we 
use the notation (3{v) = v w ® Here coproducts and coactions obey axioms like products 
and actions, but with arrows reversed, see for an introduction. 

Given a Hopf algebra H and invertible x € <8> H a cocycle in the sense 

X 23 (id«)Ax) = Xi2(A®id)x, (e<8id)x=l, (1) 

one has a new Hopf algebra H x with the same algebra structure and counit as H and the new 
coproduct and antipode 

A x = x A() x -\ S x = US()U-\ U = x w {S X (2) ). (2) 

This is the twist of H , see [j4|] Q . Dually, given a Hopf algebra H and x : H H ^ k convolution 
invertible, a cocycle in the sense 

X(9(i)®f(i))x(.h(g>g (2) f (2) ) =x(h m ®9(i))x(h(2)9(2)®f), xO-®h) = e 0) ( 3 ) 

one has a new Hopf algebra H x with the same coalgebra and unit as H and the new product 
and antipode 

h»g = x{h { i)®g{i))h {2) g {2) x~ l {h {i) ®g is) ), S x h = U(h (1) )Sh {2) U' l (h m ), U(h) = x(fyi) ® S^)) 

(4) 

See §. 

Next, given a Hopf algebra (with invertible antipode), one has a braided category %M of 
crossed modules [11)[12|[13|. Objects are vector spaces V which are both if-modules and H- 
comodules. The two structures obey a compatibility condition. This and the braiding ^>v,w '■ 
V <g> W -> W ® V are 

® /i(2)>V(oo) = (h w >v) w h (2) ®(h w >v) (oo) , ^ v ,w(. v ® w ) =V(i)>w®V( oo) , (5) 

where > denotes the action. This is a slight reformulation (in a completely standard manner) of 
the braided category of modules over the Drinfeld quantum double D(H) (here D(H) = H* op txiH 
generated when H is finite-dimensional by H and H* op as sub-Hopf algebras and an H* op - 
module structure is equivalent to a -£/-comodule structure; the latter formulation then avoids 
finite-dimensionality). The cross relations in D(H) are 

h(f) = (f) i2) h( 2) (Sh m ,(l) (1) )(h i3) ,<j) {3) }, V/i G H, 4>eH*. (6) 

H is a crossed module over itself with action by left-multiplication and the adjoint coaction 

(3(h) = h (l) Sh (3) ®h (2) . 

Here, ker e is a sub-crossed module. 

A differential calculus over any algebra H means a specification of an i/-bimodule of differ- 
ential 1-forms Q 1 and a map d : H — > fl 1 obeying the Leibniz rule 

d(hg) = (dh)g + hdg (7) 

and surjective in the sense = span{hdg\ h,g € H}. Such 1-forms can then be extended to 
an entire exterior algebra with d 2 = 0, although not necessarily uniquely. When H is a Hopf 
algebra it is natural to require that Q 1 is covariant under left and right coactions of H [M. 
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Thus we require Q to be both a bimodule and a bicomodule, with the coactions bimodule maps 
and mutually commuting, i.e. J7 1 G h-^h^ the category of bicovariant bimodules over H. It is 
known that bicovariant bimodules are equivalent to crossed modules under the correspondence 
S! 1 = V <S> H for some V € #.M. The bimodule structure on Q 1 is 

h ■ (v ®g) = h (1) t>v ® /i (2 )9, (v ® g) ■ h = v <g> gh. (8) 

The left and right coactions are likewise induced from V and i? using the given coaction on V 
and the coproduct of H. The remaining axioms of a differential calculus then reduce to V a 
quotient of ker e G The corresponding d is 

d/t = (vr (8) id) (h m <g> fy 2) - 1 <g> /t), (9) 

where 7r is the projection from ker e to V. The space V is the space of right-invariant differential 
forms. 

Moreover, given Q 1 there is its maximal prolongation differential graded algebra f2' = © n r2 n 
where fi° = H , Q 1 = O 1 and O n is a certain quotient of Q 1 <S>h • ■ ■ ®H (n-fold). The product 
is given by <S>h or with degree by the bimodule structure. The differential structure is d 
extended by d 2 = and the graded Leibniz rule. The quotienting in Q~ is the minimum required 
for the extension of d. There is also a Woronowicz prolongation differential graded algebra f2' 
which is likewise a quotient of the tensor algebra, this time using the braiding induced from 
to 'skew-symmetrise'. It is a quotient of the maximal prolongation, and for q-deformed 
examples is typically a q-deformation of the classical exterior algebra. 

Finally, dual to the vector space V corresponding to a bicovariant calculus on H is a subspace 
L C ker e C U of a Hopf algebra U dual to H. We have a self-contained notion of 'space of right- 
invariant vector fields' L C kere 6 where kere C U is a crossed module by the coproduct 
and the quantum adjoint action. The latter restricts to a map L ® L — > L with the result that 
L is sometimes called a 'quantum Lie algebra'. 

Moreover, any x € L acts on H by x(h) = (x, h w )h^ 2) , say. One may view both H (as above) 
and L = V* in the braided category ^M, where L is in this category by 

h>x = (Sh,x w )x {2) , ((j),x (1) )x (oo) = (5 _1 0( 2) )a;0 (1) (10) 

for h € H and <^> € U (the coregular action and coadjoint coaction). Then one has the braided- 
Leibniz rule 

x{hg) = {x{h))g + h i x i {g) (11) 

where ^ _1 (x (g) h) = hi(E>x l (sum over the index) is the inverse of the braiding between L, H, cf. 
]|] in different conventions. Thus the elements of L indeed act as braided derivations or 'vector 
fields'. To work with them we will employ the following convenient notation: if {v, w, ■ ■ ■ } is a 
given basis of V with dual basis {v*,w*, ■ ■ ■} say, we denote the braided vector field v* by d v , 
etc. One has dh = vd v {h) + wd w (h) + • ■ ■ (sum over the basis). 

2 Twisting of bicovariant bimodules and crossed modules 

In this section we study the response of the category of bicovariant bimodules and the category 
of crossed modules of a Hopf algebra H under twisting. We will later apply this (in Section 3) to 
obtain the response under twisting of a quantum differential calculus Q 1 and its exterior algebra. 
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2.1 Bicovariant bimodules and tensor algebras 

Let H be a Hopf algebra. We recall from the Preliminaries that a bicovariant bimodule f2 means 
an //-bimodule and //-bicomodule where the coactions are each bimodule maps. We denote the 
coactions by 

(3 L (a) = a (1) ®a (oo) , 0r(o) = a (0) <g>a m . 
Since these coactions commute, we write 

«(i) ® «(<x>)(o) ® a(oo)(i) = «(o)(i) ® a (0 )(oo) <8> "(o) = "(1) ® a© ® 0( 3 ) 

when both are applied. Here the underline marking the component living in ft is an alternative 
(but unconventional) notation for coactions which allows renumberings in the same manner as 
for coproducts. 

It is known (Brzezinski's theorem) that the Woronowicz exterior algebra is a super-Hopf 
algebra [jlql . This is also known (the case given in detail in |l5|]) for a similar exterior algebra 
where the quotient is generated in degree 2. We begin with an analogous result for the tensor 
algebra on in a slightly more general form as a braided group. The proof is analogous to these 
known results and hence we give it here only in outline form. We also recall that the category 
of Z-graded spaces is braided with braiding 
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for any invertible q. It can be identified as the the category of comodules under a quantum 
group 7j q ||. We denote by n the n-fold tensor product Q (g># • • • <g># J7. 

Proposition 2.1 cf. J7^/ Let SI be an H -bicovariant bimodule. The tensor algebra T q ft = 
© n O® Hn is a braided group in the category of TL q - comodules. The coproduct and antipode are 

A = (3 L + f3 R , Sa = -(Sa w ) ■ a & ■ (Sa {3) ) 

on degree 1 and extended to T q £l as a braided group. 

Proof The proof is by induction. First note that A as stated is a bimodule map since /3l, (3r 
are. We extend it by 

A(a®/3) = ?l a «l^wla (1) ®/3 (x) ®a P) ®(3 (2) 

H H H 

which is well-defined since A on a, j3 is a bimodule map. Moreover, for the same reason A 
remains a bimodule map. Coassociativity on degree 1 follows from that of H and the bicomodule 
properties of f2 (this step is the same as in |i~5[| ), and likewise extends to all degrees by induction. 
By construction, A is an algebra map with the braided tensor product in the category of "L q - 
comodules. Hence we have a bialgebra in the category of Zg-comodules. 

Similarly, it is easy to see from Pl,(3r bimodule maps that S(h ■ a) = (Sa) ■ Sh and S(a ■ 
h) = (Sh) ■ Sa (S a skew-bimodule map). We extend S to higher products by S(a®H (3) = 
q\ a WP\(S/3) 0n(Sa) which is therefore well defined and remains a skew-bimodule map. That the 
antipode axiom is fulfilled then only has to be verified on degree 1, and extends by induction to 
all degrees. This is easily verified and is the same as in [15]. □ 



The structure of T q Q as a bicovariant bimodule can be recovered from the bialgebra structure 
in the following way: The module structure is given by the multiplication with one factor in H. 
The comodule structure is given by the coproduct with subsequent projection of the respective 
component to H (the degree zero part). 
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Lemma 2.2 Let x € H ®H be a counital 2-cocycle for H . Then x extends to a graded counital 
2-cocycle x € T q £l(g>T q £l by inclusion. The twisting of the coproduct yields {T q Vt) x as a bicovariant 
bimodule over H x and a % q -braided group (a Hopf algebra in the category of r L q -comodules) . In 
particular, the degree part of (T q £l) x is H x . 

Proof The cocycle is embedded in degree and the braiding with degree in the category 
of Z g -comodules is the trivial one (independent of q). Hence for this special type of cocycle the 
requirements to make T q £l a Z^-braided group have the same form as for bosonic Hopf algebras. 
This cocycle condition then reduces on x to the usual cocycle condition for the construction of 
H x . Also, the twisting preserves degree, and is thus a functor in the category of Z g -comodules. 
As for T q Vl, we recover the bicovariant bimodule structure of the twisted objects by using the 
product and the coproduct with subsequent projection. □ 

The restriction of this Lemma to Q C T q Q provides the desired twist of bicovariant bimodules. 
That this gives rise to an isomorphism of categories is the following theorem. 



Theorem 2.3 Let H be a Hopf algebra, x £ H (g> H a counital 2-cocycle. There is an iso- 
morphism of braided categories Q x : \ 
transforms the coactions according to 



morphism of braided categories Q x : ijMjj — > h X ^ h x . Q x leaves the actions unchanged and 



(Pl) x = xPlX \ Wr) x = X(3rX 1 - 
The monoidal structure is provided by the (identity) natural transformation 

c x : g x (y) ®h x G X (W) S X (V ® H W), v ® Hx w^v® H w 
for all V,W G %M%. 

Proof In view of the proposition above, we write actions as multiplications av = a ■ v, 



a • v = a - x v (and similarly for the right actions). By restricting Lemma 2.2 to degree 1 we 
already know that Q x maps bicovariant bimodules to bicovariant bimodules. To see that Q x is 
indeed a functor we have to show that it maps morphisms to morphisms. Let / : V — > W be a 
morphism in ^M^. Since Q x leaves the actions invariant, we just have to check that / remains 
a comodule map. For the left coaction, 

(Pl) x o / = x(Pl o f)x~ l = X((id ® /) Pl)x- 1 = (id ® f) o (xPlX' 1 ) = (id ® f) o (J3 L ) X . 

Accordingly for the right coaction. 

Next, we show that Q x is monoidal. The only non-trivial part is to check that c x is a 

H H 

morphism in j/^-Mj^- We only do the proof for the left action and left coaction; the right 
handed cases follow by symmetry. For the left action this is the commutativity of the diagram 

h ® g x (v) ® Hx g x (w) g x (v) ® Hx g x (w) 
H®g x {v ® H w) g x (v® H w) 

which is evident since 

c x (h(v (S>h x w)) = c x (hv ®h x w) = hv ®h w = h(v ®h w) = hc x {v (g># x w). 
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For the left coaction the diagram is 

Q x {v) ® Hx Q x {w) h ® g x (v) ® Hx g x {w) 

id(gic x 

Q X {V® H W) H®Q X {V® H W) 

We write the twisted coaction as {I3l) x {v) = v <i> ®v<g> for clarity, and we denote a second 
copy of x by x' ■ Then, 

(Pl) x ° c x( v ®h x w) = {(3 L ) x {v ®h w) = xPl{v ®h w)x~ l 

= X (1) v w w wX ~ w ® X {2) {v (A) ® H W(2))X" (2) 
= X W v m w w x' W ® X (2 V) ®H w ( 2)X" (2) 

— X U (1)X X W (1)X U (2)X X <&H w (1 )X 

— X u (i)X X ^(i)X X U (2)X W G)X 
= (8) v <2> ® H w<2> 

= (id <g) c x )(w <1> if <!> (8) w <a > <8>ij x -w<2>) 
= (id (g) c x ) o (Pl) x (v ®h x w). 

For the braiding we have to show that the following digram commutes 

g x (v)® Hx g x (w) g x {w)® Hx xG x {v) 



Q x {v® H w) g x (w® H v) 

Since c x is the identity transformation, this means that the braiding in the untwisted and twisted 
category should be the same. This is, 

c x o ^ x (v ®h x w) 

= t> <1> w <i> S' x -u; <2> ® H S x v <2>V <3>W <3> 

= f<i>W<i>5' x (f <2> ^< 2 >) ®H v<s>w <3> 

= X m v w w (1) x' w S x {x (2) v (2) w (2) x' {2y ) ®h X (3) ^(3)^(3)X _(3) 

= x (1) ^, 1 )^a)X- (1) x ,(1) 5x /(2) 5(x (2) ^ ( 2)^ ( 2 ) x- (2) )5x // - (1) x^ (2) ®h x (3 V,<%)X- (3) 
= x (1) «,i)^a)X- (1) x ,(1) 5(x- (2) x ,(2) )5^ ( 2)^ ( 2)) ®h S{x' , - w x (2) )x' , - (2) x {3) v^w i3) x- {3) 

= X W v w w (1) x~ {1 \i)S{x~ {1 \2))S(v {2) w (2) ) ® H S{x {2) w )x (2) (2)V(3)W (3) x~ (2) 
= v w w (l) S(v (2) w (2) ) ® H v (3) w (3) 
= v w w (1) Sw (2) ® H Sv (2) v (3) w (3) 

= ^ o c x (v ®H X w). 

We wrote x'' f° r a third copy of x and used the notation 

X (1) ® X (2) ® X (3) = (1 ® X) ■ (id ® A) X , 
X~ (1) <8> X" (2) <8> X _(3) = (A «)id)x _1 • (x _1 ® 1). 
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For the invertibility, it is clear from the formulae that twisting by x 1 after twisting by x gives 
the original objects and morphisms. □ 

Next we give a different set of results where the product rather than the coproduct of H is 
twisted. Note that the category of bicovariant bimodules over H does not depend symmetrically 
on the product and coproduct of H (for example, the tensor product in the category is <8>#). 
Hence the following theorem is not in any simple way the dual of the one above. We start with 
the corresponding lemma. 

Lemma 2.4 Let x '■ H ® H —> k be a unital 2-cocycle on H . Then x extends to a graded unital 
2-cocycle x '■ T q Q <g> T q Q — > k by defining x to be zero on elements of degree > 1. Moreover, 
the twisted product yields (T q Q,) x as a bicovariant bimodule over H x and a Z q -braided group. In 
particular, the degree part of {T q £l) x is H x . 

Proof We observe that the counit vanishes on elements of degree > 1. The conditions for x 
to be a graded unital 2-cocycle on T q Q thus reduce to the the conditions for x to be a unital 
2-cocycle on H. □ 



Theorem 2.5 Let H be a Hopf algebra, x '■ H <8> H — > k a unital 2-cocycle. There is an 
isomorphism of braided categories Q x : h-M^ — > hx-^hx- G x leaves the coactions unchanged 
and transforms the actions according to 

hmv = x(h(i) ® v w ) h m v m X~ X 0(3) ® v (3) ), 
vh = x(v(i) ® h w ) v ( 2)h {2) X _1 (^(3) ® ^(3))- 

The monoidal structure is provided by the natural transformation 

c x : G X {V) ® H x Q X {W) -> Q x (y ® H W) 

V ® H X W H-> X(«(l) ® U(2) ®H W(2) X _1 ( U (3) ® 10(3)) 

for all V,W G h M h- 



Proof By restricting Lemma 2.4 to degree 1 we already know that Q x maps bicovariant 
bimodules to bicovariant bimodules. To see that Q x is indeed a functor we have to show that it 
maps morphisms to morphisms. Let / : V — > W be a morphism in h-M^. Since Q x leaves the 
coactions invariant, we just have to check that / remains a module map. For all h S H, v € V, 

f(h • v) = xO(i) <8> v w ) f{h {2) v (1) ) x0( 3 ) ® v (S) ) 
= X(h(i) ® v w) h (2)f( v (2)) X(h( 3 ) ® «(3)) 
= X(h(i) 8> (/(v))(i)) h (2) (f(v))^ x(/i (3 ) ® (f(v))( 3 )) 
= h.f(v). 

Similarly for the right action. 

Next, we show that Q x is monoidal. The associativity property of c x and invertibility follow 
from x & n invertible cocycle. We verify that c x is a morphism in hx^hx- As before, we only 
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do the proof for the left action and left coaction; the right handed versions follow by symmetry. 
For the left coaction this is the commutativity of the diagram 

g x (v) ® HX G x {w) H®gx(v)® H xG x (w) 

c x idg>c x 

g*(v® H w) h ®g x (v ® H w) 

Explicitly, 

{(5 L ) X o c x (v ® H x w) = (/3 L ) X (x(v w <8 w w )v ( 2) ® H w m X _1 (%) <8 w (z) )) 
= x(v(i) 8> v (2) w (2) (8 v m (8>h u;^ X~ 1 («(4) <8 w (4) ) 

= X(«(l) 8> W(l)) V(2)W(2) X _1 (^(3) <8 u> (3) ) 

<8 x(«(4) <8 u> {4) ) u { 5) 0^ ^ ( 5) X _1 (^(6) 8) w {6) ) 
= (id (8 c x )(t> (1) • iO(i) <8 v m <8hx w ( 2)) 
= (id (g) c x ) o (f3 L ) x (v (8ijx w). 

For the left action we require the commutativity of the diagram 

H®g*{v) ® H x G x (w) — 5— ► g x (y) 8>hx a x (w) 

id®c* 

# <8 a x (^ ®h w) ^ x (y<8HVF) 

This is, 

c x (/i • (v 8>i?x to)) = c x (/i • f (8i?x to) 

= X(fyi) <8 W(i)) c x (/i (2) w ( 2) (8>hx io) X _1 (^(3) <8 U( 3) ) 
= x(fyi) ® %)) x(h(2)V( 2 ) <8 iO(i)) ^(3)^(3) <8h to© 

X _1 (^(4)-0(4) <8 u> (3) ) x _1 (/i {5) (8 v (5) ) 
= x(h w <8 W(i)) X~ 1 (^(2) ( i) <8 «(2)(i)) 

X(«(2)(2) <8 U>(1)(1)) X{h(2)(2) <8 f (2) (3)^(1) (2)) ^(3)^(3) ®H ™(2) 

X _1 (/l(4)t>(4) <8 w (3) ) x _1 (^(5) <8 u (5) ) 
= X(v(i) 8) x(/i(i) <8 w (2) tt; (2) ) /i( 2) w { 3) <8)h ^© 
X _1 ( /j (3) v (4) <8 u> (4) ) x" 1 !^) <8 u (B) ) 

= X(«(l) 8> W(l)) X(/I(l) <8 «(2)W(2)) ^(2)^(3) 8>H 10(3) 
X _1 (^(3)(l) 8> V(4)(1)W(4)(1))X _1 («(4)(2) <8 W(4)(2)) 
X(^(3)(2) <8 U(4)(3)) X" 1 (^(4) <8 V {5) ) 

= x(v(i) 8) iO(i)) x(fyi) <8 «(2)W (2) ) /i (2) w ( 3) <8h W(3) 

X _1 (^(3) <8 W(4)t0(4)) X _1 (^(5) 8> t0 (5) ) 

= x(«(i) 8) w ( i))xO(i) <8 {v { 2) ®hw {Z) ) w ) h m {v m ®HW(2))m 

X _1 (fys) (8 (V(2) ®H W(2))(s)) X _1 ( v (3) <8 w (3) ) 
= h» {x{v(i) 8) w ( 2) <8>h 10(2) X _1 (^(3) 8) 10(3))) 
= h • c x (v (8/fx to). 
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Next we show that Q x preserves the braiding. This is the commutativity of the diagram 

g x {v)® H xg x {w) g x {w)® H x X G x {v) 



g*{v® H w) —=-^ g x {w® H v) 

The braiding is ^>(hv (&h wg) = hw^nvg with h, g € H,v G V left-invariant and w € W 
right-invariant (similarly over H x ). Thus we have, 

c x o ^> x (h • v ®hx w • g) = c x (h • w v • g) 

= c x [x{h(i) <8> iO(i)) h (2) W(2) ®hx v^g m X _1 (>(2) ® 9(2))) 
= x(h w ® w w) X(h (2) w (2) g (1) ) h i3) w & ® H v {l) g {2) 

X _1 (^(4) ® %)3(3)) X _1 («(3) ® 5(4)) 

= *(x(fyi) ® "W x(h( 2 )W {2) g m ) h (3) v (l) ® H w m g {2) 

X _1 (^(4) ® v (2) g {3) ) X -1 (>(3) ® 5(4))) 
= *(xO(i) ® 5(i)) x(fyi) ® w (2) g (2) ) h (2) v (1) ® H W(s)9{3) 

X _1 (^(3) ® U(2)5(4)) X~ 1 ('y(3) ® 5(5))) 
= *(X0(1) ® 5(1)) X(V) ® "'(2)3(2)) ^(2)^(1) ®# "'(3)3(3) 

X _1 (/i(3)W (2) (8) g (4) ) X _1 (^(4) ® u (3) )) 
= * o c x (x(w (1) (8) a, ®hx 10(2)3(2) X _1 (^ ( 2) ® u (8) )) 

= \j/ o c x (/i • f C5hx w • g). 

Only the invertibility remains to be shown. The inverse operation to twisting by x is twisting 
by x _1 - Since both, the twisting of the actions and the natural transformation c x look formally 
exactly like the twisting of the product in H, we see that applying x~ l after x wm give the 
original object in the same way as for the product in H. □ 

From these results we obtain in particular the twisting of the bicovariant bimodule O itself 
to Q x and £l x in the two cases. Finally, we are able to identify the braided groups in the above 
lemmas, 



Corollary 2.6 {T q Q) x = T q (£l x ) and (T q n) x =T q (n x ) in the settings of Theorem gj and\2J. 
respectively. 

Proof Given a bicovariant bimodule f2 over a Hopf algebra H we can identify (T q Q) x with 
(T q £l x ) using the natural transformation c x in Theorem |2.3| extended to multiple tensor products. 
Similarly for () x using Theorem |2.5| . Since c preserves degree, this identification is graded (a 
morphism in the category of Z g -comodules). □ 



2.2 Twisting of crossed modules 

In this section we restrict the above results to the right-invariant part of the bicovariant bimodule 
17. This is a crossed module V and Q = V ® H as explained in the preliminaries. In this way 
we obtain, as corollaries of the preceeding subsection, results about the response of crossed 
modules under twisting. This is relevant to the our treatment of differential calculi but it is 
also of independent interest in several other algebraic settings where crossed modules play an 
important role. For this reason some more direct proofs are provided in the appendix. 
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Theorem 2.7 Let H be a Hopf algebra, x '■ H ® H — > a unital 2-cocycle. There is an 
isomorphism of braided categories T x : — ► #x./M given by the identity on the underlying 

vector spaces and coactions, and transforming the action > to 

h> x v = x(h m <S> v m )(h {2) > u (oo) ) (oo) x _1 ((/i ( 2) > (i) ® /i( 3 ))- 
TTie monoidal structure is given by the natural transformation 

c x : T X {V) <g> r x (W) -> (g) W), u ® u> x(^(i) ® W(i))U(<») ® «W 

Proof We deduce this from Theorem |2.5| using the equivalence of categories l/A-^ = j^A4. 
As explained in the Preliminaries, a bicovariant bimodule has the canonical form O = V ® H 
with V a crossed module. Conversely, V may be recovered as the space of right-invariant forms 
of f2 with the action > recovered from the bimodule structure on Q (denoted •) by 

h>v = h^x) ■ v • S7i(2). 

Since the twisting in j^-M^ preserves the coactions, it preserves the decomposition Q, = V <8> H 
and thus induces a twisting ^Ai — > by restriction to the right-invariant forms V. The 

coaction of the crossed module remains unchanged, while the twisted action in % X SA becomes 
(we denote the twisted actions by \> x and • respectively): 



h > x 



h (1 



(i) 



S x h 



C2) 



= ha) • v • Sh( 












= 




h(2) ■ U(2) • 


Sh w U(h (a) )U- 1 


(fys)) 






= X(V) 


<g> v (1) ) 


X(h(2) V (2) G 


3 Sh(8)) h i3) ■ v m 




(/l(4) $ 


5 S/i (B) ) 


= x(V) 


® v m ) 


X(h(2)V(2) G 


9 Sh (5) )h (3) -v® 


• 5/1(4) *7 _1 


(^(6)) 




= X(h ( i) 


<g> v (1) ) 


X(h(2)V(2) G 


l>Sh w )h (s) >v ( 3 ) 


^- 1 (^(5)) 






= X(h w 




X((h(2)>v 


2))(l)^(3) ® Sh(4)) 


(/t (2) > W { 2) 


)<* U- 


_1 (*<5)) 


= X(hn.) 




(h (2) >v & ) 


(2) X _1 ((^(2) >W(2 


))d) ®h (3) ) 







We used the identity ®Shp)) U (h^) = X 1 (a® /i) and convert to a more conventional 

comodule notation as stated. Finally, for the monoidal structure, restricting c x given in Theo- 



rem |2,5| to the right-invariant component leads to the stated form. The fact that !F X preserves 
the braiding just follows from the fact that the braiding in ^M. is induced by the braiding in 
h-Mjj. The isomorphism property follows from the categorial equivalence h-M^ = ^M.- □ 

We proceed to give the dual version of this theorem. Note that it can not be derived from 
Theore m in a way analogous to the above proof. The reason is essentially that Theorems 
2.5 and |2.3| are not strictly dual to each other. This is because the tensor product ®h is not 
self-dual in our sense. Dualisation instead converts this tensor product to the corresponding 
cotensor product. Since we do not want to concern ourselves with that here, we give a proof 



by dualisation of Theorem 2.7. In the crossed module setting this presents no further problem 
since the tensor product in ^M. is the usual one and thus self-dual in our sense. 

Theorem 2.8 Let H be a Hopf algebra, x € H <g> H a counital 2-cocycle for H . There is an 
isomorphism of braided categories T x : H X A4 given by the identity on the underlying 



vector spaces and actions, and transforming the coaction j3(v) = v m ® v 



(°°) 



to 



X m (x- (1) >v) mX - {2) 



(<*=)• 
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The monoidal structure is given by the natural transformation 



Proof This Theorem is strictly dual to Theorem [2.7| and therefore equivalent: We can write 
the action of Theorem 2/7 as 

> X = (x' 1 ® id) o (id <g r) o (/? (g id) o(>® id) o (id (g r) 
o (A (giid) o (x (g) id (g) id) o (id <g r <g id) o (A i 



with x '■ H®H — > A; and r the flip map. Dualising means reversing the order of the composition, 
exchanging product with coproduct, action with coaction and switching to x '■ k — > H (g H: 

P x = (• ® >) o (id <g) r (g id) o (x (g id <g id) o (• <g id) 

o (id (g t) o (J3 (g id) o (><g) id) o (id ® r) o (x _1 <g id). 

This is just the coaction stated. For the monoidal structure, we have to take into account that 
c flips its direction under dualisation. So the dual of 

c x = (x ® id <g id) o (id <g r <g id) o ((3 ® 0) 



in Theorem 2.7 is 



(c x ) 1 = (>(g >) o (id <g r (g id) o (x <g id <g id). 
Inverting replaces x _1 with Xi leading to the formula stated. □ 



Corollary 2.9 Let H be finite- dimensional and D(H) its quantum double. Then there is a 
Hopf algebra isomorphism 9 : D(H X )=D(H) X where x = X -1 viewed in D(H) (g D(H), and the 
twisting is that of the coproduct of D(H). Here, 

e^^h) = r (2) w ® x , - (1 V« A(2)(ftp), ^ (l) )(^),x- (2) ( 2)x'- (2, >, v</» eH*,he H. 

Proof This follows by Tannaka-Krein arguments ||. Thus, there is a uniquely determined 
algebra isomorphism 9 such that T x is pull-back along 6, and this is a bialgebra map up to 
a conjugation corresponding to the nontrivial isomorphism of tensor products of objects in 
the image of J- x in Theorem |2.7| . We build D(H) explicitly on H*(^H as explained in the 
Preliminaries. Then, 

6(<p<S>h)>v = (4>®h)\> x v 

(oo))(oo)(l) oo) ) (oo) (oo) 

= <^((/t(2)>W(o ))( 1 )(2))(/t(2)>«(oo))(oo)X(^(l) ®^(l))X _1 ((^(2)>W (oo) ) (1) <g/i( 3 ))) 
= ^ • X _(1) I>(/l(2)>W(oo))(X _(2) ,^(3))x(^(l) 

= ^-X- (1) -/i (2 )-X (2 W( X -( 2 ),/ l(3) )(x (1) , 

= • X~ (1) • X (2) (2) • h (2){2) >v( X ^\ h (3) )( X w , /i( 1) }(^ (2) ( 1 ),/i( 2 )( 1 )}(x (2) (3), /i( 2)C 3)) 
= <p-X- (1) -X (2 \ 2 yh (2 Mh w ,X (1) Sx (2) w )(h (3) ,x (2 \ 3) X^ ) ) 
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using the definition of f> x , the definition of the action of D(H) on v € V (namely <j> acts by 
evaluation against the coaction), then using the cross relations of D(H) and the duality pairing 
axioms. Here • denotes the product in D{H). From this and from the cocycle identity 

x w s x (2) w ® x (2) (2) = x w (s x (2) )s x - w ®x~ (2) 

(which follows from id ®S and the product applied to (id®id)x = X23Xi2(A <8> id)x), we find 
that 

e(0^/ l )=x (2 \ 2) X- (1 V»/i( 2 )^(/i( 1 ),X (1) 5x (2) ( 1) )(/ i (3),X (2) (3)X- (2) } 

(where the products are in H* and H) has the form stated. Next, we note that if two Hopf 
algebras have their coproducts related by twisting by x then the induced monoidal functor has 
the same form as for on tensor products ||. From this, we conclude that 9 is an isomorphism 
to D(H)% where x = X" 1 G H* ® H* is viewed in D(H)®D{H). Since H*°p C £>(#) as a 
subalgebra, conjugation by x using the product of H* is actually conjugation by x m D(H). 
That 9 is then an isomorphism of bialgebras can also be checked explicitly. □ 

Clearly, the dual of the double D(H)* changes to D{H)* X similarly. For completeness, let 
us mention also the dual version of Corollary 2.9. Let x £ H ® H be a cocycle and H x the Hopf 



algebra with twisted coproduct. Since the double D{H) involves both H and H* op equally, 
D(H X ) is likewise a twisting. 



3 Twisting of differential calculi and exterior algebras 

In this section we apply the technical results of Section 2 to obtain our main result, which is a 
twisting theory for first order and exterior differential calculi. We fix a Hopf algebra H and a 
first order differential calculus (O^d). We begin with a more explicit discussion of the maximal 
prolongation exterior algebra that we have found elsewhere, and the analogue of Brzezinski's 
theorem [jl5| for it. We will then study how it, and the more well-known Woronowicz exterior 
algebra, respond under twisting. 

Proposition 3.1 The maximal prolongation Q,' = © n O n is a quotient of T-ifi 1 by the ideal 
generated by 

I = {dai<S>dbi\ aidbi = 0} C il 1 ®^ 1 . 

H 

Here d extends to d : $7' — > Q' by d 2 = and the graded Leibniz rule 

d(a®/9) = da®/3 + (-l) |o| a®d/3 

H H H 

for a of degree \a\. Moreover, £1' remains a super- Hopf algebra andd commutes with its coproduct 
and antipode. 
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Proof We first observe that I is itself a bicovariant bimodule. For the coactions this follows 
from the fact that d is a bicomodule map. For the actions suppose aidbi = 0. Then 



cdaj ® dbi = d(caj) ® dbi — dc ® ajd&j = d(caj) (g> d&j G / 

H H H H 

for all c & H, since cojd6j = 0. On the other side 

ddj ®(d6j)c = doj ® d(6jc) — daj <g> bide = daj (g> d(6jc) — dfajftj) g> dc + ajdftj ® dc G J 

ff" if Jf if H H 

since ajd(6jc) — a^dc = aj(d6j)c = 0. We then define d : fi 1 — > SI 1 SI 1 // = S7 2 by d(ad6) = 
da<g>#d6. This is well-defined in virtue of the definition of / and d 2 = 0, and also obeys 
the Leibniz rule d(aa) = da<g)fra + ada (and similarly with a on the other side). We then 
extend to products of degree 1 forms by the braided-Leibniz rule as stated. It is well-defined 
on a ®h ft in view of the above Leibniz rule with a G H and moreover itself obeys this Leibniz 
rule with a now of higher degree. It maps to Q, 3 = f2 2 <S>h + <S>#0 2 . In this way one 
constructs Q n and d by induction. In all higher degrees f2 n is the quotient of Q 1 <S>h • ■ ■ ®H 
by Yl ®H ■ • • ®H I ®H • • • ®H as stated. It is then straightforward to verify by induction 
that d 2 = to all orders. Next, we check that Q, remains a super-Hopf algebra as a quotient 
of T-ifJ 1 . There are general arguments for this, however in our case it is enough to verify that 
AIQI®H + H®Im T- X VL l . Thus, 

A(doi ® H dbi) = (Aden) ® H (Ad6,) 
= (dAoi) ® H (dAbi) 

= (doi(i) ® a i{2 ) + a i(1) (g) doj( 2 )) ®h [db i{l) ® & i(2) + b iW <g> db^ 2 )) 
= doi(i) <8>h dbi(i) <g> a i( 2)bi(2) + (da i(1) )6 i(1) ® a i{2 )d6 i(2) 

- o»(i)d6i(i) ® (doj( 2 ))6j(2) + ® da i(2) ® H d6 i(2) 
= da i(1) ® H db i(1) <g> a i(2 )6j( 2 ) + d(a i(1) 6 i{1) ) <g> a i(2) d6 i(2) 

- Oi(i)d6i(i) <8> d(a i (2)6j( 2 )) + ® da i(2 ) ®h d6 i(2) 

= (daj ® H dbi) (0) <g> (daj ® H dfoj) (1) + d(ajduj) (1) (ajd6j) {oo) 

- (ajd6i) (0) <g> d(cijd6i) (1) + (da« d&j) (1) ® (daj ® H d&i) (oo) . 

While the second and third term are obviously zero, the first and the fourth term fulfil the 
condition since / is a bicomodule. Similarly, one checks that SI C /. Finally, it is clear by 
induction that d commutes with A and S in view of the first order d a bicomodule map. This 



step is the same as in [15] for the Woronowicz-type exterior algebras. □ 



The maximal prolongation here is a quadratic algebra (over H) with relations I in degree 2. 
It is possible to generalise the construction to general fl' q similarly as a quotient of TgQ 1 , but it 
will no longer be quadratic. For example if q is a primitive n-th root of unity. Thus, for n = 3 
one must specify 

d-.H^n 1 , d 2 : H ^n 1 ®^} 1 , 

H 

where d obeys the Leibniz rule (a given first order calculus) and d 2 obeys the higher Leibniz 
rule 

d 2 (ab) = (d 2 a)b + [2] 9 da <g> db + ad 2 6 
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with [2] q = 1 + q. We then define d(ad6) = da <S>h db + ad 2 b with a modified definition 



I = {doj (8 d6j + ajd 6j| ajd&i = 0} 

H 

in degree 2. Similarly, we define d on degree 2 and higher by the graded-Leibnitz rule with q\ I 
in place of (—1)' I but must now quotient further in degree 3 for this to be well-defined (a cubic 
relation). By construction, d 2 = d o d and d 3 = 0. In this way one may build up a generalised 
complex in the spirit of |16[| , 

One may similarly define a general exterior algebra f2' associated to a first order bicovariant 
calculus f} 1 as any super-Hopf algebra quotient of T-itl 1 in Proposition 2.1 with H, Q 1 in degrees 



0,1 and such that d extends as a differential graded algebra and commutes with A, S. 

Proposition 3.2 Let H be a Hopf algebra, x '■ H ® H — > k a unital 2-cocycle. Then first 
order bicovariant differential calculi and exterior (super-Hopf) algebras over H and H x are in 
one-to-one correspondence by the functor Q x . Q x is trivial on d. 

Proof The degree 1 part as a bicovariant bimodule twists by the functor Q x , as does the 
entire tensor super-Hopf algebra T^\Q} in Corollary |2.6| . By the same arguments (Lemma 
and Theorem 2.5) this descends to any super-Hopf algebra quotient Q' of T-iQ, 1 and yields (H) x 



as a super-Hopf algebra of the desired form. To see that this is compatible with the same d 
requires us to check the Leibnitz rule. This is, 

d(a • (3) = x(a ( i) ® Pw) d(a & (3 ( 2)) x^Ks) ® 0(s)) 

= x(a ( i) ® Ad) ((da { 2))/3 ( 2) + {-l)^a m df3 {1) ) x~\a (3) ® (3 (3) ) 
= x((da) (1) ® (3 m ) (da) ( 2)/3 ( 2) x -1 ((da) (3) ® (3 (3) ) 

+ (-l)l a l X (a {1) (d/3) {1) ) a(2)(d/3) ( 2, X _1 (a (3 ) ® (d/3) (3) ) 
= (da)./3 + (-l)l a la«d/3. 

Since the bicomodule and coproduct structure is unaffected by the twist, d continues to be 
a bicomodule map and commute with the coaction (so in particular, ($7 lx ,d) is a first order 
calculus in H x ). Finally, the commutation of the antipode with d is 

S x da = C/((da) (1) )5((da) ( 2 ) )?7" 1 ((da) ( 3 ) ) 
= C/(a {1) )5(da (2 ))?7~ 1 (a { 3 ) ) 
= C/(a (1) )d5 , (a ( 2 ) )C/" 1 (a {3) ) 
= dS x a. 

□ 

This tells us that given an exterior algebra ST on H, its twist by x is some other exterior 
algebra £l' x on H x . 

Corollary 3.3 The maximal prolongation is stable under twisting, i.e. (ft is isomorphic via 
c x to the maximal prolongation ofQ lx . 
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Proof By Proposition |3,2| , is an exterior algebra. Since Q' is a quotient of T-iO 1 , we 

just have to ensure that c x , which identifies (T-iQ, 1 )* with T_i(J7 lx ) according to Corollary ^1] 
identifies the corresponding ideal / of Proposition |3.1| with its twisted counterpart. This is 



I x = {daj ®hx dbi\ai • dbi = 0} 

= {da; ® HX dbi\x(a i(1) <g> b i(1) ) a im db i(2) x' 1 ^^ ® &i(3)) = 0} 
= {x _1 ( a i(i) ® b i(l) ) da i(2) H x db im x(oi(3) ® &i(3))|a*d&j = 0} 
= c x ({da* (g> fl d6i|aid6i = 0}) = c x {I). 

The third equality here is by substitution of X _1 ( a «(i) ® a «(2) ® &i(a) x( a «(3) ® ^i(3)) f° r a « ® 
□ 

We also have a similar result for the Woronowicz exterior algebra Q'. As explained in the 
Preliminaries this is also a quotient of T-iQ 1 but this time by skew-braid relations. 

Corollary 3.4 The Woronowicz exterior algebra is stable under twisting, i.e. *s isomor- 

phic via c x to the Woronowicz construction based on Q} x . 



Proof By Proposition p.2| , (fi') x is an exterior algebra. Similarly to the preceding case, we 
view il' as a quotient of T-iQ 1 and have to ensure that c x is an intertwiner for the Woronowicz 
ideal by which we quotient. But this ideal is given as the kernel of a linear combination of 
identities and (bicovariant bimodule) braidings (see Preliminaries) and c is an intertwiner for 
the braiding, so this is satisfied. □ 

Finally, we have explained in the Preliminaries that bicovariant calculi are of the form S7 1 = 
V <8> H where V is a quotient of ker e £ Here ker e and H itself are crossed modules by left 

multiplication and the left adjoint coaction. To complete our picture, 

Proposition 3.5 We denote by tt : kere — ► V the projection corresponding to fi 1 on H. Then 
the calculus Q lx on H x corresponds to the projection ir x = it o a~ l , where 

a : F X (H) -> H x , a(h) = x~ l {h ( i) ® <S7i (5) ) x(fya) ® S7i {4) ) h {2) 

is an isomorphism in with inverse 

a -1 (/t) = x" 1 (.h m Sh iS) <S> h w ) h {2) 

and restricts to an isomorphism ^"^(ker e)= ker e. 

Proof We deduce this from our theory of twisting of first order differential calculi. Using 



Proposition 3.2, we know that (V <8> H) x = Q X (V <8> H) is a differential calculus over H x and 
hence of the form V x ® H x for some V x a quotient of ker e C -£f x . This V x is the right-invariant 
subspace of the corresponding differential calculus. On the other hand, the projection for the 
subspace V can be obtained explicitly from its associated calculus by 7r(a) = da {1) • Sa {2) , and 
similarly for ir x using the Hopf algebra H x . Thus, from Proposition |3.2j, we find, 



7r x (a) = da (1) • 5 x a (2 ) 

= da (1) • Sa {3) U{a (2) )U~ 1 (a {4) ) 

= xKi) ® 50(7)) da (2) • Sa {6) X _1 ( a (3) ® Sa (5) ) U (a (4) )?7 _1 (a {8) ) 
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® Sa^)) do (2) • Sa {3) U 1 (a (5) ) 

l (3) 



X 1 (a (1) 5*0(4) (8>a ( 5))da (2) • 5a ( 



= vr(x {a m Sa (3) ®a (4) )a (2) ) 

as stated. In particular, we apply these arguments to the universal differential calculus, which 
corresponds to V = kere C H and hence obtain a" 1 as a linear isomorphism on kere. By 
construction it must in fact identify ^-" x (kere) as a crossed module in 1 ^ C M with kere C H x . 
Finally, it is trivial to check that it extends to the whole of H = ker e ©fcl with a(l) = 1 by the 
same formula. □ 

This tells us also that if V = ker e/M by some Ad-stable ideal M then the corresponding ideal 
for V x is M x = a o ^ rx (M). Note that the isomorphism of crossed modules a : J~(H) — > i? x 
is somewhat nontrivial to obtain by normal Hopf algebraic methods; the intertwining of the 
adjoint coactions alone is a first step introduced (in a dual form) in [||, which was in fact the 
starting point behind the present paper. 

We turn now to some general applications of our twisting theory, beyond the Planck scale 
Hopf algebra to be studied in the next section. In fact, many interesting quantum groups are 
related by twisting and our theory allows the construction of their quantum differential calculi 
one from the other. We give two important general constructions where the quantum group is a 
twisting of a tensor product quantum group. But for tensor product Hopf algebras it is easy to 
obtain calculi given calculi on the pieces. Indeed, if (Hi, and (H^, Cl' 2 ) are two Hopf algebras 
equipped with calculi and associated exterior super-Hopf algebras, it is clear that ST = Q 1 ®Q 2 
(the super tensor product) is an exterior super-Hopf algebra over H := H\ ® H2. d : Q' — > 0,' 
is given by the Leibnitz rule. Restriction to degree 1 yields the corresponding construction for 
first order bicovariant calculi Q , i.e. Q 1 = Q\ <g> H2 © H\ ® given Qj, with d defined via the 
Leibnitz rule. 

Proposition 3.6 Given first order calculi d : H — > Q, 1 on a finite- dimensional Hopf algebra H 
and d : H* op — > fll op on H* op , we obtain a calculus on the quantum double D(H) by 

and the additional bimodule structure 

hdcp = (Sh w , cp {1) )(d(p {2) )h i2) (h {3) , cp {3) ) , (pdh = (h (1) , (1) )(d/i (2) )0 (2) (5/i (3) , (3) ) 

for all h € H and eft € H* . Here d restricts to the given one on H,H* op C D(H). 

Proof It is known that the quantum double D(H) = Htx\H* op is a cotwist of H ® H* op by 
the cocycle 

X((/J®0)®G?®</O) = e(h){<f>,Sg)e(il>). 



See We then apply Proposition ^2, i.e. the functor Q x . The vector space, coactions and d 



are not changed from the tensor product calculus under the functor, but the bimodule structures 
are, as shown. These are easily computed from the form of the cocycle. □ 

This is a different and rather more geometrical approach to the construction of the differential 
calculi on D(H) than the one in [Q| based on its representation theory. In a similar spirit we 
may consider the general double cross product Hopf algebra iJx^iJ associated to any dual- 
quasitriangular Hopf algebra H H . 
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Proposition 3.7 Let H be dual-quasitriangular. Given two calculi d : H — » and d : H — > 
we obtain a calculus on Ht><\j^H by 

q 1 = n\ ® # © if ® 

and i/ie additional bimodule structure 

hda = ^ 1 (/i (1) ,a (1) )(da (2) )/i( 2 )^(/i(3),a(3)), ad/i = 7£(/i (1) , a (1) )(d/i (2) )a (2) 7?.~ 1 (/i ( 3 ) , a (3) ) 

/or a// /i in i/ie /?rsi copy of H and a in the second. Here d restricted to each copy of H is the 
given one. 

Proof We proceed in the same fashion as above. The cocycle is given by 

X{{h®a)<g)(g<g)b)) = e(/i)^ _1 (a <g> g)e(b), yh,g,a,b € H 

and allows us to write Hixij^H = (H ®H) X . See Here the two copies of H remain sub-Hopf 
algebras as for the quantum double case above, and the remaining computation is similar. □ 

In particular, a standard formulation of the q-Lorentz group is as SU q {2)\x\-j^SU q {2), a twist 
of the q-Euclidean rotation group as SU q {2) ® SU q {2). Usually the calculi on these are obtained 
and studied separately, but the above proposition constructs one from the other. This extends 



the 'quantum Wick rotation' in [17] to the construction of bicovariant differential calculi. In 
both the above constructions the factors appear as sub(Hopf) algebras and in this case there is 
a well-defined notion of a calculus being decomposable or built up from calculi on the factors; 
the above results fully classify such decomposable calculi. 

4 Planck scale Hopf algebra as a cotwist and its differential 
geometry 

The remainder of the paper applies the preceding results to one particular Hopf algebra, namely 
the bicrossproduct Hopf algebra C[x]^<i^gC[p] introduced in For the purposes of the present 
section we work algebraically with g = e~c and g~ l instead of x. Then the explicit formulae 
(as stated in the introduction) are 

[p,g] = iA(l - g)g, 
Ap = p (g> g + 1 ® p, Ag = g®g, 
Sp = -pg~ 1 , ep = 0, Sg = g~ 1 , eg = l, 

where A = ^. Also, as h — > (corresponding to A — > 0), we obtain C{B + ) (in an algebraic 
form) where 

x' 

B+ =Mc< G M, (x,p)(x',p) = (x + x\pe~~z +p) 

as explained in [J?]. We consider B + to be the classical phase space underlying the quantum 
system described by the Plank-scale Hopf algebra. In terms of the exponentiated coordinate in 
place of x, the group law of 5+ is that of a matrix group 

'g 0\ fg' 0\ = / gg' N 

v p y v y ~ w+p' i, 

The notation CfxjM^GCfp] reflects the construction of this Hopf algebra as a bicrossproduct, 
i.e. a semidirect product as an algebra and a semidirect coproduct as a coalgebra by certain 



actions and coactions arising from a Lie group factorisation [ 18 ] [ 19 1 [0] . This aspect will be used 
extensively in Section 5. 
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4.1 The cocycle and differential calculi 

Our starting points are the known facts that the Hopf algebra C^Jm^gC^] is of a self-dual form 
and at the same time a twisting (of the coproduct) of U(b+) where b+ is the Borel subalgebra of 
s?2- Combining these observations, one may expect that it is also a product twist by a cocycle. 
This turns out to be the case. 



Proposition 4.1 x defined by 

X = (e<g> e) o ex.p(iA— ® q-zt), X^ 1 = (e <8> e) o ex.p(iA— <g> — ) 
is a united 2-cocycle on C(B + ), and C[x]m^gC[p] = C{B + ) X . 

Proof In order to show that x is a unital 2-cocycle we have to show its invertibility, the 
cocycle condition and the unitality (see Preliminaries). It will be useful to have the explicit 
expressions of x an d X~ l on a basis {p n g r \n € No,r € Z} of C{B + ): 

n— 1 n— 1 

X(pV Op'V) = <WM) n II(- S " X _1 (pV ®P"V) = S m ,o(^) n l[(s - k). 

fc=0 k=0 

For the invertibility we require 

X(a m ® 6 ( i)) X~ 1 {a ( 2) ® b (2) ) = e(o) e(6), X _1 ( a (i) ® fyi)) x(a (2) ® &( 2) ) = e(o) e(6). 
To see this we take a = p n g r and b = p m g s and the first expression becomes 

(\ / \ fc— 1 n— A; 

" ) ( 7 ) *,o <w w n (-* - o n v + s - j) 

fc— 1 n— fc 

k ' i=0 j=0 

= 6 mfi S n , = e(p n g r )e(p m g s ). 



We have used 



n / \ fc— 1 n—k 

EL] IlH^n^-^'W' VsGZVnGNo- 
fc=o ^ ' i=o i=o 

While this is obvious for s = it follows easily by induction for s / 0. Note that the exchange of 
X and x _1 m the above calculation is equivalent to replacing s by — s. Thus follows the second 
equation as well. Next, for the cocycle condition we take p n g r , p m g s , p l g t for h, g, / in @. The 
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left hand side evaluates to 

i^n*"! v(n n n r 6?i n m ~ 3+l~k n j+s+k+t 



E (j) Qx(pV ®P k g t )x(p n g r ®p m -i +l - k g> 

= e ( ) ( j ^ >0 ^- i+ z- fc> o(^) i+n n (-* - o n (-.? - s - * - * - >o 

^ ^ ' ^ ' i=0 h=0 

/ \ i-1 n-1 

= e m ^- i+z ,o(^^) i+n nc-t - o n (-j - s - * - h ) 

j ^ ^ ' i=0 /i=0 

m—1 n—l 

= <5 /i0 Mr+ m n (-* - *) II(- m - s -* - 



i=0 h=0 

The right hand side is 



/ \ / \ J -1 n-j+m-fc-1 

= E ( • (T w.o^r-* - o n h - *) 

/ \ i-1 n-j'+m-l 

=* Il oM) B+w E(jii(-*- < ) n h-^ 



m—1 n—l 

= ^,oM) n+m n (-* n(- m - s -* - 

i=0 h=0 

The last equality can be easily checked by induction in n. Finally, the unitality in (||) follows 
easily from the explicit formula for x- It remains to check that the twist of C{B + ) defined by x 
is indeed C[x]^<I^gC[p]. For that, it is sufficient to check the commutator between p and g. For 
clarity, we distinguish the twisted product from the untwisted one by denoting the former with 
a •. 

g • g = x{g ® g) ggx" 1 ^ ® g) = gg 

p*g = x{p®g) ggx^{g®g) + x{t®g)pgx~ 1 {g®g) + x(i ® g)gx~ 1 (p® g) 

= -lAgg + pg + lAg 

g*p = x{g ® p) gg x~ l {g ® g) + x(g ® i)gpx~ 1 (g®g) + x{g®^)gx~ l {g®p) = gp 

In particular we obtain 

pmg-gmp = iA(l - g)g = iA(l - g) • g, 

which is the correct relation in C^M^cC-tp]- □ 

Let us now turn to the differential calculi on C[x]m^gC[p]. We first repeat a result from 
[10] about the untwisted Hopf algebra C(B + ). 

Proposition 4.2 (a) Finite dimensional differential calculi il 1 on (7(2?+) are in one-to-one 
correspondence to non-empty finite sets IcN and have dimension (^ n e/ n ) ~~ I- 
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(b) The differential calculus of dimension n > 2 corresponding to {n, 1} has a right invariant 
basis 770, • • • T] n -i so that 



[g, rj k ] = 0, [p, rj k ] 



dg = gr] , dg = 9Vi, 

JO ifk = 0ork = n — 1 

\gVk+l if0<k<n-l 

g~ x ® 771 + ff - ^ <8> r/o if k = 1 



(c) The differential calculus of dimension n— 1 > 1 corresponding to {n} is the same as (b) 
except that r/o = 0. 



Proof We refer to [10, Prop. 3.5]. Note however, that in [JlQ ] different generators were used 
for C(B + ), so that the coproduct appeared in a different form. In our conventions the crossed 
submodule M C ker e corresponding to {n, 1} is generated by (g — l)(g — l),p(g — 1), . . . ,p n as a 
crossed module. Denoting the equivalence classes of g— l,p, . . . , p n_1 in ker e /M by 770, . . . , 7? n _i, 
we obtain the derivative and commutation relations as stated. For the left coaction note that 
the left adjoint action on C{B + ) takes the form 

Ad L (/(<7) P fe ) = £ ( f) g-y-* - i) fc -y • 

t=o w 

/3 is then obtained by composition with the projection to kere /M. □ 

We can now apply our twisting theory in Sections 2,3 to solve the classification problem for 
calculi on the Planck scale Hopf algebra, 

Proposition 4.3 (a) Finite dimensional differential calculi Q 1 on C[x]x^qC\p\ are in one-to- 
one correspondence to non-empty finite subsets I CN with dimensions as in Proposition {A. 

(b) The differential calculus of dimension n > 2 corresponding to {n, 1} has a right invariant 
basis r/o, • • • f] n -\ so that 

dg = 9Vo, dp = 0771, 

fo ifk^l . . A1 fo ifk = 0ork = n-l 

[g,Vk\ = < . \PM = iAkgn k + i 

lAgrjo ifk=l gn k+1 iJ0<k<n-l 



and (5 of the same form as in Proposition Xj.i . 

(c) The differential calculus of dimension n— 1 > 1 corresponding to {n} is the same as (b) 
except that 770 = 0. 



Proof We apply Proposition 3.2 to Proposition 4.2. Part (a) remains unchanged. For part 
(b) we calculate the twisted actions in terms of the untwisted ones (using a • to denote the 
twisted ones). 

g 9 m = x(g® g~ k ) gvk + h,ix{g ® g~ x p) gm = gm 

Vk»g = x(g' k ® g) mg + h,ix{g~ l p ® g) mg = mg - iA5 k ,ivog 

Wk = x{p®g~ k )gvk +x(i ®g~ k )pvk + Sk,i(x(p®g~ 1 p) gvo + x(i® g'^pvo) 
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= lAkgrit + pn k 

m*p = x(g~ k <s> p) mg + x{g~ k ® i) %p + ® p) w + x(s , ~ 1 p ® i) w) = VkP 

This gives the new commutators and the expressions for the differentials. For the coaction we 
observe that g~ l »p = g~~ 1 p so that its form does not change. Part (c) remains unchanged. □ 

For the remainder of the section we concentrate on the calculus {2, 1} which is the quanti- 
sation of the standard classical calculus on B + . We can use the twisting theory to quantise in 
fact the entire exterior algebra in this case. 

Proposition 4.4 The exterior algebra of C^^^gC^] corresponding via twisting to the 
classical one of C(B + ) has the following properties. The first order calculus has a basis {£,f?} 
of right-invariant 1- forms with 

dg = g£, dp = gr], [a,f] = 0, [a, r{\ = lAda, Va G C[x]x h:C C\p], 

/?l(0 = i®C, Pl(v) = g~ x Qv + g^pQt- 

The 2-forms have relations 

£A£ = 0, 77 A = -£ A r/, 77 A r/ = iA£ A 77, 
d£ = 0, drj = r] A f . 

^4s a Z2 -graded Hopf algebra fi' /ias i/te structure 

A£ = £<g>l + l<g)£, A 77 = cT 1 0?7 + #~ 1 p<»<!; - »7 ® 1, 
e(6 = efa) =0, S£ = 5r; = -577 + p£. 

Proof For the first order calculus we define £ = 770 and 77 = 771 . The commutation relations 
in the n = 2 case (b) of Proposition become as stated. Next, the classical space of 2-forms 
on C(B + ) is spanned by £ A 77 = —77 A £. Denoting the wedge product on C[x]^<i^gC[p] by A. 
we have 

77 A. 77 = xig' 1 ® f? A rj + ® fi^ 1 ) £ A 77 

+ X(5 _1 ® r? A £ + x(0 -1 p ® S -1 ?) £ A £ 

= zA£ A 77. 

The other wedge products involving £ and 77 are identical to the classical ones due to the bi- 
invariance of £. This leads to the relations stated. Finally, for the differentials of the 1-forms 
observe (the twisted and untwisted wedge products are the same here) 

d£ = dig^dg) = dg- 1 A dg = -g^ A gt = 0, 
drj = d(<7 _1 dp) = dg -1 A dp = —g~ l i A gn = 77 A £. 



The coproduct and antipode are readily obtained using Proposition [2.1| . The exterior algebra 
here coincides with the Woronowicz prolongation of the first order part. □ 

In terms of generators x and p the exterior algebra is generated by dx, dp with the relations 

%h 

adx = (dx)a, adp = (dp)a + —da, 

G 
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dx A dx = 0, dx A dp = 



—dp A dx, dp A dp = 0. 



From this we see explicitly that in the classical limit h — > we obtain the usual exterior algebra 
on B + . By contrast, the other limit G — > is highly singular with these generators, so that the 
exterior algebra is not even defined in this case. In other words, the presence of 'gravity' in the 
form of G restores the geometrical picture not visible in flat space quantum mechanics. 

We also know from the Preliminaries that associated to a first order calculus is a quantum 
tangent space. The right-invariant derivatives are generated by elements of L dual to V and 
obey a braided Leibniz rule. 

Proposition 4.5 Let {£*,?/*} be the basis of L dual to the basis {£,77} above. Then, 
%0 f(9,p) ■) =■ g-^f(g,P + iA)+g(f(g,p + iA) - f(g,p)) :, 

a ( ft \ \ /(g.P + ^) ~ /(gvg) 

d v {: f(g,p) =: g ^ : • 

Proof We observe that dg n = (dg)ng n ~ l and dp n = (dp) ^ p+t ^ ~ p (this can be easily checked 
by induction), so that 

d(g n p m ) = (dg n )p m + g n dp m 

= (dg n )p m +g n (dp)^ + lAr ~ pm 



iA 



(dg n ){p + iA) m + {dp)g' 



iA v ' iA 

(p + iA) m - p m 



£ng n {p + iA) m + (i 1 g + iAtg)g 



iA 

(p + - p n 



iA 

= Z (ng n (p + iA) m + g TO+1 ((p + iA) m - p m )) + n g n+l {P — J ^— , 

which we compare with the property d/ = £ <9g(/) + 77 of the partial derivatives. □ 

In terms of coordinates x, p we can similarly write the action of the basis of L dual to {dx, 77} 



as 



f) iflPG if) 

d x (: f(x,p) :) =: — f(x,p+-) - — (/(x,p + -) - /(x,p)) :, (12) 

/(x,p) :) = I : e -|(/(x,p + |) - /(x,p)) : (13) 

(here denotes the action of the basis element dual to dx by a slight abuse of notation) . 

Finally, for completeness we note that all these formulae are for right-invariant differential 
forms. There is an equally good theory based on L,7 6 -^h an d left-invariant partial deriva- 
tives. We take a left-invariant basis of the 1-forms to be {£ = g~ 1 dg,fj = dp — pg~ l dg}. The 
relations of the the calculus become 

[a,£] = 0, [a, 77] = lAda, Va G CfxJ^^cCfp], 
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£ A £ = 0, f?A£ = -£A?7, 77 A 77 = lAq A £. 

Moreover, the differential in 0' is generated by (graded) commutation with the element 9 = 
-5(7? + f?) as 

[6,a]=iAda, Va G fi'. (14) 

This is a step towards a Connes spectral triple description of this calculus, to be considered 
elsewhere. The generator -KO is singular in the limit A — > (h — > 0) so that the presence of h 
allows for nicer properties of the differential calculus than visible classically. This is a typical 
feature of q-deformation known for calculi on standard quantum groups. 

We likewise bar the braided derivations in the left-invariant version of the theory to avoid 
confusion with the above right-invariant ones. The left-invariant derivations corresponding to 
{dx, fj} in the sense d/ = (d x f)dx + (B Tl f)fj are 

— dp iH 

d x {: f(x,p) :) =: Q^f( x >P) + ^ (f(?,p - ) - f(x,p)) :, (15) 

d v (: f(x,p) = ~: (f(x,P - ^) - f(x,p)) : . (16) 
4.2 Quantum Poisson bracket 

We conclude this section with some elements of 'quantum Poisson geometry'. We recall first 
of all the classical situation. In fact, for any twisting of a commutative Hopf algebra H by a 
cocycle x admitting a reasonable expansion in a parameter h (so that the deformation is flat) 
one knows on general grounds that the commutative Hopf algebra is (an algebraic version of) a 
Poisson-Lie group. As for any flat deformation, the Poisson bracket is provided by the h — > 
part of i[ ,] (the leading part of the commutator). When H = C[G] is an algebraic group of Lie 
type one can say rather more. We let g be the Lie algebra of G. If the cocycle \h has the form 

Xh(a ®b) = a(e)b(e) + - la, da ® db) (e) + 0(h 2 ) 

1 

where a G 0<S>0 and a denotes the extension as a left-invariant bivector field. Then it is known 
from Drinfeld's theory |J that 

r = a — r{a) 

(r the flip map) is a triangular solution of the Classical Yang-Baxter equation. Moreover, 

{a, b} = (f - f R ,da®db) 

is the Poisson bracket of which H x is the quantisation, and which makes G a Poisson-Lie group. 
U proves in fact the converse to this (the formal existence of Xh) but the above is also covered. 
In our case of the Planck scale Hopf algebra, G = B + with Lie algebra b + spanned by xq,x\ 
with relations [xo,xi] = becomes a triangular Lie bialgebra with 

r = xq (g> x\ — x\ <g) xq. 

The resulting Lie bialgebra has the Lie bicross sum form ►< of which the bicrossproduct Hopf 
algebras are quantisations, see |2(|. Note that the corresponding Poisson bracket, as with all 
(quasi)triangular Poisson-Lie groups, cannot be symplectic since it must vanish at least at the 
group identity. 
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Proposition 4.6 The Poisson bracket on C{B + ), for which the cocycle x °f Proposition \4-Jj 
provides the quantisation, is 

r , _| / da db db da 

' ' V dx dp dx dp 



Proof Expanding \ of Proposition 4.1 in H and expressing everything in terms of the coordi- 
nates x,p yields 

d_ \ ( _*d_ 
dp J \ dx 



ab + ihe{ — a (1) e e g —b (1) a (2) b (2) 



- iha w b w e e + ° ( h2 ) 

^( _adadb da db\ ,. 2 , 
\ ap ax op ox J ^ ' 



b«a— ^ (e~% A f da db db da\ _ ,^_ 2 <. 

, V ' \dx dp dx dp ' ' ' 



□ 



For the general quantum group formulation, we work over a general field A;. Since 
we can take their arbitrary tensor powers to define tensor fields of arbitrary mixed rank using 
the same correspondence with bicovariant bimodules. Thus Q^ 1 = L®H and (Eih^ 1 = 
L(&L®H etc. We have a super-Hopf algebra T_i(S7 -1 ) and a theory of twisting of of quantum 
vector fields using the same theory of Section 2. Also, since morphisms in induce morphisms 
between bicovariant bimodules, the evaluation map ( , ) : L ® V — > k induces the pairing between 
vector fields and 1-forms. Thus 

® Q 1 — > H, (x<g>h,v<g>g) = (x,h w >v)h {2) g, (17) 
Q^ 1 ® Q^ 1 <S) tt 1 ^ tt^ 1 , (x®y®h,v<8>g) = x®{y,h {1) >v)h ( 2 ) g, (18) 

H H 

® _1 <8> Q 1 (g) fi 1 , (x®y®h,v<g>w<&g) = (y,h w >v)(x,h {2) >w)h {3) g, (19) 

H H 

etc. The pairing L <g> L £3 y (g> y — > in (|l^) is the natural one in a braided category, namely 
to evaluate the inner L ® V first and then the outer. The resulting pairing is also the same 
as applying (^) to the first factor of ri 1 ®^^ 1 to obtain an element of O -1 ®^^ 1 and then 
applying (0). 

This is not the only way to formulate vector fields (for example a more left-right symmetric 
way is to consider L £ and = H ® L, extending the pairing by (h (g> x, v ® g) = h(x, v)g) 
but it is the one natural in the context of the Woronowicz exterior algebra (which can be viewed 
as based on a fixed identification of bicovariant bimodules with (say)). Taking now Q n 
defined by quotients of V® n in the exterior algebra in this approach, the natural definition of 
antisymmetric vector fields is as corresponding to the appropriate subspace of L® n dual to this 
quotient. In particular, the Poisson bivector field should be an element 

II G n~ 2 = {x®y- ^L,L{ x ®y)\ x,y £ L}®H 
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since V ® V is quotiented by ker(id — ^yy ) in degree 2. 

In general, we also need to impose a 'Jacobi identity' on II, which can be done as follows at 
least in the nice case where the quantum Poisson bracket is non-degenerate: we can consider II by 
the above as a map fi 1 — > and demand that it is invertible, and that the inverse corresponds 
to evaluation against some we!! 2 which we can demand to be closed. Alternatively, one may 
attempt to develop a theory of 'quantum-Lie algebras' and use the 'quantum-Lie bracket' on L, 
thereby avoiding the invertibility assumption. This will not be attempted here, however; for our 
present purposes we note that in 2 dimensions with the classical differential calculus the Jacobi 
identity is redundant (similarly, every 2-form is closed). For our particular exterior algebras the 
dimensions are the classical ones (so that every 2-form is closed) and one may similarly consider 
any antisymmetric bivector field as a Poisson structure. Keeping the general form of the above 
classical Poisson bracket in mind, we now give the explicit form of the quantum Poisson bracket 
for a natural class of bivector fields in our example. 

Proposition 4.7 For the Planck scale Hopf algebra with the standard quantum differential cal- 
culus as above, we consider U of the form 

n = (?f ® £* - ^l,l{v* ® O) ® fl-(fl) 

for an arbitrary function n(g). Then the corresponding quantum Poisson bracket is 

{a, b} = ir(g) (a^b v - a v b^ + iA(a v b v + (a^) v b v - (a^)^) + (iA) 2 ( 

where = d^a, etc. In particular, ir(g) = ^(o -1 — 1) gives a deformation of the classical 
Poisson structure in Proposition 



Proof We first of all use da = £,d^a + rjd^a and the relations of the exterior algebra to obtain 

da A d& = £ A rjf, f = a^b v - a v b^ + iA{a r) b v + (a^) v b n - (a v )^b v ) + {iA) 2 (a v ) v b v . 
Now the pairing can be computed as 

{a, 6} = (IT, da A db) = ((r,* ® £* - *(r?* ® £*))tt( ), £ A vf) 

= (v* ® £* - fa* ® £*), £ ® <9)m>vXg)mf 

= {rf ® £*, £ ® - *v,v (£ ® n(gh)>v))K(9)i*)f 

= {rf ® £*, £ ® vr( 5 ) (1) >7? - vr(o) (1) >7? ® £)7r(g) C2) / = (rf ® £*, £ ® ??)vr(o)/, 

where we used functoriality of the braiding under the evaluation morphism to deduce 

(*L,z(?f ®£*),u®«;)) = v7*®£*,*y,yfa ®w)) 

for any u, to G V, and then Vl/yy (£ ® w) = w (1 )>£ ® w (oo) = w ® £ since £ is an invariant element 
of the crossed module. In the last line we used g>rj = rj + z^4£ to see that, although r] is not 
invariant, the evaluation (Y,g n \>r]) = (Y,r]) behaves as if it is. In terms of functions a(g,p), 
b(g,p) we obtain 



{: a(g,p) :, : b(g,p) :} 

: (dig ~ 2)a( 
b(g,p + iA) -b(g,p) 



( d 
<9) ■ [9(9 - %Mg,p) + g{g- -2g + 3)a(g,p + iA) + g{g - l)a(g,p + 2iA) 



: 9- 



1A 
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The classical limit A — > is 

2 /<9a db dadb\ 
{a{g, P )M9,P)}=<9)9 " ^ J ■ 

Thus, to get the correct Poisson structure, we need ir(g) = -^(g^ 1 — 1) (note that — Gj| = g-§^)- 
□ 

Also, if : h :G C[x]n?j,gC[p] is a choice of Hamiltonian then 

x = {x, : /i :} = - : (c"C - l)(fc(x,p + ^-) - fc(x,p)) :, (20) 
p = {p, : h :} =: -(e"f - l)^-h(x,p + iA)) : (21) 
are the corresponding quantum Hamilton equations of motion. For a simple concrete example, 

2 

choosing the Hamiltonian h(x,p) = ^ + V(x) for a free particle of mass m in a potential V(x), 
we obtain 

i = -L( e -l-l) ( 2p-^), p={e-l-l)^-V{x). (22) 

Standard quantum mechanics (i.e. using the commutator with h) leads by contrast to 

% ■ x tfx x % x d 

* = j\ x M = - l)(2p - g e-s), p = -[p, /i] = (e-c - l)^^(x). 

Thus the quantum Hamiltonian equations of motion reduce to the classical ones when h — > as 
they should, but also approximate to the conventional quantum mechanical equations of motion 
in the Planckian strongly gravitational region where x << G. (We recall that the quantum 
mechanical evolution in this model approximates flat space when x >> G.) On the other 
hand, the quantum Hamiltonian equations retain a full (quantum) geometrical interpretation 
which is lost in conventional quantum mechanics. This suggests a geometrical modification of 
conventional quantum mechanics. 



5 Fourier theory on the Planck scale Hopf algebra 

In this concluding section we make some remarks about the noncommutative Fourier theory 
which is known to exist on any Hopf algebra equipped with a suitable translation-invariant 
integral and a suitable exponential element. We recall first the general formulation, which 
works basically when the Hopf algebra H is finite-dimensional, and in conventions suitable for 
our particular example. Thus, we require J : H — > k such that (J h w )h^ 2 ) = (J h)l for all h € H 
(a right-integral) and J* : H* — > k such that J* 4> (2 ) = 1 / (f> for all <j> € H* (a left-integral), 
and we let exp = ^ e a <8> f a € H <8> H* denote the canonical coevaluation element (here {e a } is 
a basis of H and {f a } a dual basis). Then the Fourier transform in these conventions is 

T(h) =( [ e a h) / a , T*(0) = e a [* f a <j> (23) 
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and obeys 

rr*(0)=5"V / e a / T(h w (<l>,h w )) = T(h)S- l <l>, T*({ct> (1) ,h)cf> (2) ) = ShT*(ct>). 



(24) 

These elementary facts are easily proven once one notes that (f g(i)h)g^) = (/ gh^Sh^) for all 



h,g £ H and a similar identity on H*. See also |J,[21] for more discussion (and the extension 
to braided groups). 

In our case the Planck scale Hopf algebra C[x]m^gC[p] is not finite-dimensional and there 
is, moreover, no purely algebraic integral. For a full treatment one needs to introduce a Hopf- 
von Neumann algebra setting along the lines in |]l^] and work with the integral as a weight, or 
one has to work with a C* algebra setting extended to include unbounded operators. Both of 
these are nontrivial and beyond our scope here. However, the bicrossproduct form of the Hopf 
algebra allows one to identify elements as normal ordered versions of ordinary functions f(x,p) 
and thereby to reduce integration to ordinary integration of ordinary functions, for any class of 
functions and any topological setting to which the normal ordering extends. Therefore in this 
section we will initially work formally with x,p as generators (unlike the algebraic setting in 
the preceeding sections) and proceed to consider formal power series in them; however, what we 
arrive at in this way is a well-defined deformed Fourier theory on functions on M 2 of suitably 
rapid decay, motivated by the Hopf algebra C[x]m^gC[p] and consistent with any operator 
algebra setting to which normal ordering extends. This is what we shall outline in this section. 

First of all, the bicrossproduct form of the Hopf algebra implies that 

/oo roo 
/ dxdpf(x,p) 
-oo J —oo 

is a /e/i-integral on C[x]^^gC[p]. This is also evident from the explicit form of the right- 
invariant derivatives (|l2})-(|l3|), from which we see that the integrals of d x : f : and d v : f : 
vanish for suitably decaying /. On the other hand the right-integral desired in our preferred 
conventions for the Fourier theory can be similarly obtained using the left-invariant partial 
differentials (|l~5|)-(|l6|) stated at the end of Section 4.1 one finds 

: f(x,p) := / / dxdpe%f(x,p), (25) 



— oo J — oo 



which is the right-integral that we shall use. (Although apparently more complicated, the 
resulting Fourier theory turns out to be more computable in these conventions.) 

Next, we recall from J/J|5| that the Planck scale Hopf algebra is essentially self-dual. More 
precisely, if we let x,p be dual to the p, x generators in the sense {x,x n p m ) = i5 n $8 m ^i and 
(p,x n p m ) = iS n; id m fl, we have an algebraic model of the dual of C^M^cC^] as 

C[pHi gC[x] C (C[x]^ c C[p})*, 

ft ' h 

where 

\p,x] = ^(1 - e~ x ^), Ax = x ® 1 + 1 <g> x, Ap = p® 1 + e~ x ^ <%>p. 
n 

This is has the same form as CfxJ^^GC^p] but with different parameter values and with the 
opposite product and opposite coproduct. On this Hopf algebra we define normal ordering as 
putting all the x to the right and the corresponding left-integral is 

/oo /*oo ^ 
/ dpdx e x G f(p,x). (26) 
-oo J —oo 
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Also from the bicrossproduct form, the canonical element is 



ex P = E , ) n + m * n V m ®V n x m . (27) 



(1,7)1 



Finally, we will need explicitly the actions || 

p>/(z)=zft(e-f-l)^/, /(i)<p = I( e -|*- 1 )A / (28) 
in the bicrossproduct construction and its dual. 

Proposition 5.1 The quantum Fourier transform on the Planck scale Hopf algebra is 

/OO /■OO 
/ &x&pe-< p+ ^- x e- l ^ p+ ^f{x,p) 
-OO J —OO 

and its dual is 

/oo poo 
/ dpdxe- tpx e- lSip f(<p + p,x)e^, 
-OO J —OO 

where p\> acts only on the functions in x to the right in the integral (<p acts only on functions 
in x to the left). 

Proof We use the reordering equality 

Q 

: f(p) :: h(x) :=: e pt> "^p h(x) f (p) :=: f(p + p>)h(x) : 

in Cfxj^^cC^] for functions /, h (p> only acts on functions of x). This follows from the relation 
\p, f(x)] = p > f{x) for functions f(x), which is the semidirect product form of the algebra in 
the bicrossproduct. Hence, 

T(: /(*,„) :) = ^J-^f 1 ^ [ *> m ■ f(**P) ■■ 

n,m 
n,m 

= V , } n+m P n x m I dxdpe%x n (p + p>) m f{x,p) 
^-^ n\m\ i n + m I 

n,m 

= J dxdpe- l{p+ i ) x e- lx - {p+pt>) f(x,p), 
where p> only acts in the powers of x to its right. In C[p]Ni gC[x] we have similarly 

h ' h 

: f(x) :: h(p) :=: f (x)e <p ~ op h{p) :=: f(x)h(<p + p) : . 



Hence, 



T*(: f(p,x) :) =E^W X>m /^ m : f{P ^ ] ■ 
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E I ln+m X > m [* ■■P n x m f(<P + P,x) : 
n\m\ i n + m I 

n,m 

V : } n+m x n p m / dpdxp n x m f(<p + p,x)e^ 
n\m\ i n + m I 

n,m 

J dpdx e- lp - x e- lS - p f(<p + p, z)eH 



□ 



From the properties of the Fourier transform, we see in particular that it turns the (left- 
invariant) derivatives d x and in (|i~5|)-(|l6|) into multiplication by the corresponding element of 
the dual. Also, these derivatives become right-handed derivatives d x and dfj on C[p]^<h gC[x] 

ft ' ft 

by identifying it with the opposite algebra and coalgebra to C[x]>^i gC[j»] and making the 

h 1 h 

corresponding notational and parameter changes. 
Proposition 5.2 

/- 

T{B x a) = T{a)ipe^ s T(B v a) = T{a)^(e^ - 1) 

n 

T*(d s <f>) = ipelT*^) T*(d^) = *G(eS - l)T*(<j>) 
TT*((f>) = (2tt) 2 5" 1 

Proof This is a short computation to identify the partial derivatives as d x (a) = a {1) (—ip, a (2) ) 
— /~ h - 

and d v (a) = a (1) (^(e~G z — l),a (2) ), i.e. to identify the corresponding elements of L. Similarly, 
d x corresponds to —ip and corresponds to zG(e _ c — 1) via the right coregular action. One 
can then verify the analogue of ([24|) directly in our setting for functions of suitably rapid decay. 
□ 

Note that when we take the limit h — > the Hopf algebra C[p]Ni gC[x] becomes U{b + ) or 

ti ' ft 

K-Minkowski space Q with the relations 

[p, x] = ^x 

(i.e. k = j) regarded as a noncommutative space. Thus, 

Corollary 5.3 In the classical limit h — > the Fourier transform becomes 

/OO /'OO 
/ dxdpe-^> x e-^f(x,p), 
-oo J —oo 

/CO f'OO 
/ dpdxe-^e-^f(<p + p,x) 
-oo J —oo 

with f(x)<p=— f^/- Moreover, 

T{B x a) = T(a)ip, T{d rj a) = T(a)ix, 
— d tp d — d 
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The intertwiner properties of T* in this limit are read from Proposition [iT^ while required 
right-derivatives simplify to 

d _ _ 1 
ds{- f(p,x) :) =: —f(p,x) :, d r -,(: f(p,x) :) =: -n(f(p , x) - f(p,x)) : . (29) 

We also have a dual limit h, G — > oo with ^ = « constant, where C^M^GCfp] becomes 
C/(b_) (the opposite Lie algebra to b + ) and C[p]^<ii gC[x] becomes C(-B_). We regard the 
former as another version of /{-Minkowski space (with opposite commutation relations). 

Corollary 5.4 In the limit H, G — > oo wrei/i ^ = k the Fourier transform becomes 

/OO /'OO 
/ dxdpe^e-^-^/Cx.p), 
-CXD J —CO 

/CO f'CO 
/ dpdxe- tp < x+ ^e-™- p f(p,x) 
-oo J —oo 

with p> fix) = —\-§^f ■ Moreover, 

T*{d- X <j)) = ipT*{<j)), T*(8^) = ixT*(0), 

d ip d d 

dx(- f(x,p) :) =: -wzf(x,p) + — —f(x,p) :, d^(: f(x,p) :) =: -wzf(x,p) : . 

OX K Op Op 

In this limit the intertwiner properties of T do not simplify (we refer to Proposition [5] 
but the corresponding derivatives become 

d 1 

d x (- f(x,p) :) =: g^f( x 'P) : > d v( : f(x,p) :) =: -K{f{x,p - -) - f{x,p)) : . (30) 

Therefore we obtain in fact two versions of Fourier theory on K-Minkowski space as two 
limits of Fourier theory on the Planck scale Hopf algebra. This Hopf algebra, being of self-dual 
form, has the power to become both a classical but curved phase space (the classical limit) and 
its dual (the second limit), in addition to the flat space quantum mechanics limit. 

There are many further possible developments of the geometry and Fourier theory on the 
noncommutative phase space in this toy model of Planck scale physics, among them quantum 
field theory (second quantisation) in a first-order formalism. There is also a physical interpre- 
tation of the self-duality as an observable-state duality |]7|lpC|l which should be related to the 
noncommutative geometric picture above. Finally, we note that there are higher dimensional 
models of the bicrossproduct form [19|][18] which could be investigated from a similar point of 



view. These are some directions for further work. 
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A Direct proofs for crossed modules 



Theorem 2.8 and Proposition 3.5 were deduced somewhat indirectly from our twisting results on 



bicovariant bimodules and exterior algebras. On the other hand crossed modules have been 
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used in a variety of other contexts not related to differential calculi and full direct proofs using 
conventional Hopf algebra methods may also be useful. For completeness, we provide these here. 

Proof of Theorem |2.8| First, we show that T x is a functor, then we verify that it is monoidal. 
We proceed to check the braiding and finally show that T x is an isomorphism. 

(a) f3 x is a coaction of H x : 

(e ®id) o x {v) = 6( X (1) (X" (1) > v) wX - (2) )x (2) > (X' W > «)(«) 
= e((x- cl) >^) cl) X- (2) )(x- Cl) >^)(o o) 
= e(v (1) )v (x) = v 

We used the counitality of x an d X • 

(A x ®id)op x (v) 

= A x U W (x- W >v) (1)X -^) X m > (x-W >v) loo) 

= x /cl) x cl) ( 1 )(x- (1) >^)( 1 )( 1) x- (2) (i)X / - (1) 

® X' (2) X (1) ( 2 )(X- (1) > ^ (1 )( 2 )X- (2) ( 2 )X'- (2) ® X (2) > (X" (1) > «)(.) 

= x ,(1) x (1) ( 1 )(x- (1) ^), 1) x- (2) ( 1 )X / - (1) 

® X /(2) X (1) (2 )(X- (1) >«) (o o)( 1 )X- (2) ( 2 )X / - (2) ® X (2) > (X~ (1) >«)(»)(.) 

= x' (1) x (1) ( 1 )(x- (1) ( 1 )X / - (1) ^), 1 )X- (1) , 2 )x'- (2) 

® x' (2, x (1) , 2 )(r (1) (1 )x'- ,1) > v) (DO) (i)X- (a) ® x (2) > (x- (1) (1 )x'- (1) > «)(„)«») 
= x' (1) x (1) ( 1 )X- (1) ( 1 )(x'- (1) >^), 1 )x'- (2) 

® X' (2) X (1) , 2 )(X- (1) ( 2 ) > (X'- (1) > v) ioo) ) {1)X - {2) ® X (2) > (X- (1) (2) > (X'- (1) > «)(»))(») 

= x (1) x- (1) , 1) (x , - (1) ^), 1 )X , - (2) 

® X /(1) X (2) ,1)(X- (1) (2 ) > (X'- (1) > v) ioo) ) {1)X - {2) ® X /(2) X (2) , 2) > (X- (1) (2) > (X'- (1) > «)(«))(«) 

= x (1) x- (1) , 1) (x , - (1) ^), 1 )X , - (2) 

® X /(1) (X (2) (1 )X- (1) (2) > (X'- (1) > ^),o )) (1) X (2) ( 2 )X- (2) ® X' (2) > (X (2) ( 2 )X~ (1) (2 ) > (X'- (1) > «)(„))(«) 

= x (1) (x , - (1) ^), 1) x'- (2) 

® X (1) (X- (1) X (2) > (X'- (1) > «) (oo ))(i)X- (2) ® X' (2) > (X- (1) X (2) > (X'- (1) > «)(«,))(») 

= x (1) (x'- (1) >«)(i)x'- (2) ® x ,(1) (x' (1) >x (2) > (x'" (1) >«) (0 c)) ( i,X- (2) 
®x ,(2) >(x- (1) >x (2) >(x'- (1) >^)(oc)) (00 ] 

= X (1) (X'- (1) > «)(i)X'- (2) ® /? x (x (2) > (x'- (1) > !>)(«,)) 
= (id (g) /3 X ) o j3 x (v) 

We used the crossed module property @ and the cocycle identity ([[]) . X ' denotes a second copy 
of X- 

(b) /3 X together with the action obeys the crossed module property in the twisted category: 

fr<i>^<i> ® ^< 2 > >v <00> 

= h <1>X (1) (x- (1) >v) il)X - i2) ® ^< 2 >X (2) > (X~ (1) 

= X /(1) /i (1 )X'- (1) X (1) (x- (1) > «)(i)X- (2) ® X /(2) /i (2 )X'- (2) X (2) > (X" (1) >«)(») 

= X' (1) ^ (1 )(X- (1) > «) (1 )X- (2) ® X ,(2) /i( 2) > (X' (1) > «)(«) 

= x' (1) (fyi) > (X' (1) > «))(i)^)X- (2) ® X' (2) > > (X" (1) >«))(«») 

= X /(1) (^ (1 )X- (1) > v) w h (2)X - (2) ® x' (2) > (k(i)X- (1) > 
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= x /(1) (x'- (1) x (1) ^ (1 )X- (1) >^)( 1 )X / - (2) x (2) ^( 2 )X- (2) ® x' (2) > (x'- (1) x (1) ^)X- (1) >«) (ao) 

= X (1) (X'- (1) > (/»<i> > ^)(i)X'- (2) /i< 2 > ® X' (2) > (X'- (1) > (/»<!> > «))(«,) 
= (/!<!> >f)<i>/). < 2> (/i<i> >u) <oo> 

We used the crossed module property in the untwisted category and subscripts <ly etc., for the 
twisted coproduct and twisted coaction. 

(c) To conclude that T x is a functor, we have to show that it maps morphisms to morphisms. 
Morphisms are module-comodule maps. It is clear that T x maps module maps to module maps 
since it does not alter the action. It is also easy to see that it maps module-comodule maps to 
comodule maps. Say / : V — ► W is a morphism in jjM.. Then 

Px(f(v)) = X (1) (X- (1) > /(^)) (1 )X- (2) ® X (2) > (X- (1) > /(«))«») 

= x (1) (/(x- (1) > ^)) ( i)X- (2) x (2) > (/(x- (1) > «))«») 

= x (1) (x~ (1) > «) (1) x- (2) x (2) > /((x- (1) > «)«»)) 

= x (1) (x- (1) > ^ (1) x- (2) /(x (2) > (x~ (1) > «)«»)) 
= (id®/)o/?», 

as required. 

(d) We proceed to show that T x is monoidal. The associativity property of c x clearly reduces 
to x a cocycle, and invertibility reduces to x invertible. Naturality of c x is also immediate from 
its stated form. It remains to verify that c x : ^F X (V) Q x !F X {W) — > F X (V W) is indeed a 
morphism in jj^M-- For clarity we denote the tensor product in by and that in H *M- by 
X . For the action of H x (which coincides with that of H) we have 

h > c x (v Q x w) = h> (x~ (1) > v x~ (2) > w) 
= /i ( i)X~ (1) ^0/i (2) x~ (2) >w 
= c x (x W h mX - W >vQ x X (2) h (2) X~ (2) > u>) 
= C x (/l<i> N0 X /l <2> > 10) 

= c x (/i>(« X w)). 

For the coaction, we have 

/3 x oc x (v Q x w) 
= f3 x (x'- (1) >v®x'- {2) >w) 
= x (1) (x~ (1) > (x'- (1) > v x '- (2) > ^))(i)X- (2) 

® X (2) > (X~ (1) > (x'~ (1) >!)0 X'~ (2) > w))(oo) 

= x (1) (x- (1) ,dx'- (1) 0x- (1) ( 2) x'- (2) >^) ( i)X- (2) 

X (2) > (X- (1) (1)X'- (1) > « © X- (1) (2 )X'- (2) > w) {oa) 

= x (1) (x- (1, (1 ,x MI) M (1 )(x- (1) ( 2 )x'- (2) >^) (1) x- (2) 

® x (2) > ((x- (1) (1) x'- (1) > v) ( oo) (x- (1) (2) x'- (2) > Hoc)) 
= x (1) (x- (1) (1 )x'- (1) >^ (1 )(r (1) ( 2 ,x'- (2) >™) (1) x- (2) 

x (2) (1) > (x- (1) (1) x'- (1) > v) ( oo) x (2) (2) > (x- (1) , 2 ,x'- (2) > 
= x (1) (x" (1) >^)(i)(x- (2) (i ) x / - (1) >^), 1 ,x- (2) ( 2 )X M2) 

X (2) (i) > (X~ (1) > v)(oo) X (2) (2) > (x~ (2) ( i)X'~ (1) > w) (oo) 

= x (1) (x- (1) >^)( 1) x- (2) (i,(x / - (1) ^)(i)X , - (2) 
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® X (2) (i) > (x~ W > t;) (oo) X (2) (2)X" (2) ( 2) > (x'" (1) > U0(oo) 

= x (1) (x" (1) >^) (1 )X- (2) ( 1 )x"- (1) x ,(1) (x , - (1) >^)(DX / - (2) 
® x (2) ,D > (x' (1) > x (2) , 2 )X- (2) ( 2) x"- (2) x ,(2) > (x'- (1) > «;)(.) 

= x (1) (x- (1) (1 )x"- (1) ^) (1 )X- (1) ( 2 )x"- (2) x ,(1) (x'- (1) >^) (1 )X / - (2) 
x (2) (1) > (x- (1) ,dx"- (1) > x (2) , 2) x- (2) x ,(2) > (x'- (1) > «;)(.) 

= x (1) x- (1) (1) (x"- (1) >«)( 1) x"- (2) x /(1) (x / - (1) >^) (1) x'- (2) 
x (2) ,i)X- (1) (2 ) > (x"- (1) > «)(») x (2) , 2) x- (2) x ,(2) > (x'- (1) > «;)(„) 

= x (1) (x"- (1) >«)( 1) x"- (2) x /(1) (x / - (1) >^) (1) x'- (2) 

X~ (1) X (2) > (x"- (1> > X~ (2) X' (2) > (X'~ (1) > «>)(.) 

= (id c x )( X (1) (x"- (1) > u)(i)X ,, - (a y (i) (x'- (i) > ^) (1 )X'- (2) 

x (2) > (x"- (1) > X x /(2) > (x'- (1) > «;)(«)) 
= (id c x )(f <i > w < i > v <00> X w <00 >) 
= (id c x ) o /3 x (v Q x w). 

We used the crossed module property and the cocycle identities as before, and x' denotes a 
third copy of X- 

(e) We next show that T x preserves the braiding. Thus, 

c x o ^ x (v X w) = c x (v <x> >wQ x v <00> ) 

= c x (x W U' W > v) w X H2) >wQ x x (2) > (x~ (1) > u) (oo) ) 
= (x~ W > «)(i)X~ (2) > w (X" (1) > «)(») 
= ^(X _(1) >vQx' {2> >w) 
= \& o c x (f X to ). 

(f) It remains to be shown that T x is an isomorphism. The inverse operation to the twisting 
by x is twisting by X \ we verify that the coaction twisted by x an d then twisted by x" 1 is the 
original coaction. Thus, 

C^) x -i (v) = X- (1> (X W > v) <1>X w X~ (2) > (X (1) > v) <ao> 

= x- (1) x' (1) (x'- (1) x (1) > ^) (1 )x'- (2) x (2) x' (2) x' (2) > (x'- (1) x (1) > «)(-, 

= W(i) v (oo) = (3(v). 

For the monoidal structure, one sees immediately that c y -i o c x is the identity transformation. 



Theorem 2.7 can likewise be proven directly or else be obtained by dualisation of Theorem 



using conventional methods. 



Proof of the intertwiner property of a in Proposition 3.5 in H x setting We give the 
result here in the same coproduct twist setting as Theorem proven above (the version in 
Proposition |3.5| is the dual of this and can be obtained by the same methods or by dualisation of 
the proof.) Thus, for a Hopf algebra H viewed in jjM by the coproduct (the regular coaction) 
and adjoint action, and a cocycle x £ H H we show that 

a : F X (H) -> H x , a(h) = ( X - W >h)x~ m (31) 
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is an isomorphism of crossed modules, where H x is viewed in j^M. by its coproduct A x and its 
adjoint action. In fact, that the actions are intertwined is known from || (in another context) 
so we need only to show that the coactions are intertwined. 

On the one hand, writing (3 X for the coaction induced by Theorem 
forming the regular coaction, we have 

(id®a)/3 x (/ l ) = X (1) (x- (1) >/ l ) (1) x- (2) ®(x , - (1) X (2) Kx- (1) ^)( 2) )x'' (2) . 
We require this to coincide with 

A x a(fc) = X (1, (X- (1) ^) (1) X- ,2) (1) X M1) ®X (2) (X- (1, >A) (2) X- 12) (2) X H2) 

= x (1) (x- (1) ( 1 )x'- (1) >/ l ) (1) x- (1) (2 )x'- (2) ®x (2) (x- (1) (1 )X , - (1 V/ i ) (2) x- (2) 
= x (1) x~ (1) ( 1 )(x'- (1) >/ l ) (1) x'- (2) ®x (2) (x" (1) (2 )Kx / ~ (1 V/ l ) (2) )x- (2) . 

using the cocycle axiom for x an d then the crossed module axiom. Comparing these expressions 
and substituting the quantum group adjoint action of H for > we see that these expression 
coincide in view of the identity 

x (1) ®x- ( ^ 1) x (2 \ 1 )®(5x (2 \ 2 ))(Sx- ( ^ 2) )x- (2) = x (1) x- ( ^ 1 )^x (2) x- ( ^ 2 )®(5x- (1) (3))x- (2) . 

This is equivalent (by using the cocycle condition (||) on the left hand side repeatedly) to 

x (1 V) ® x (1) (2) ^(x'- (1) x (2) ))x'- (2) = x- (1) (1) ® x- (1) (2 ) ®(^x- (1) (3))x- (2) 

which reduces to 

x (1) ®(^(x^ (1) x (2) ))x'- (2) = x- (1) ®(^x- (1) ( 3))x" (2) . 

This identity is readily proven from the properties of U^ 1 = (Sx~ ( - 1 ^)x~^ i n Hi using the cocycle 
condition. The inverse of the map a is also readily supplied by similar means, so it forms an 
isomorphism of crossed modules. 

References 

[1] S. Majid. Classification of bicovariant differential calculi. J. Geom. Phys., 25:119-140, 1998. 

[2] E. Beggs and S. Majid. Quasitriangular and differential structures on bicrossproduct Hopf 
algebras. Preprint, Damtp/96-97, 1996. 

[3] V.G. Drinfeld. Hopf algebras and the quantum Yang-Baxter equations. Sov. Math. Dokl., 
32:254-258, 1985. 

[4] V.G. Drinfeld. QuasiHopf algebras. Leningrad Math. J., 1:1419-1457, 1990. 

[5] S. Majid. Foundations of Quantum Group Theory. Cambridge Univeristy Press, 1995. 

[6] D.I. Gurevich and S. Majid. Braided groups of Hopf algebras obtained by twisting. Pac. 
J. Math., 162:27-44, 1994. 



2.8 on J- X (H) by trans- 



36 



[7] S. Majid. Hopf algebras for physics at the Planck scale. J. Classical and Quantum Gravity, 
5:1587-1606, 1988. 

[8] S. Majid and H. Ruegg. Bicrossproduct structure of the /t-Poincare group and non- 
commutative geometry. Phys. Lett. B, 334:348-354, 1994. 

[9] F. Bayen, M. Flato, C. Frondsdal, A. Lichnerowicz, and D. Sternheimer. Deformation 
theory and quantisation i,ii. Ann. Phys., 111:61-151, 1978. 

[10] R. Oeckl. Classification of differential calculi on U q {b + ), classical limits, and duality. 



Preprint, Damtp-1998-86, |math.QA/9807097 . 

[11] V.G. Drinfeld. Quantum groups. In A. Gleason, editor, Proceedings of the ICM, pages 
798-820, Rhode Island, 1987. AMS. 

[12] D. Radford. The structure of Hopf algebras with a projection. J. Algebra, 92:322-347, 1985. 

[13] D.N. Yetter. Quantum groups and representations of monoidal categories. Math. Proc. 
Camb. Phil. Soc, 108:261-290, 1990. 

[14] S.L. Woronowicz. Differential calculus on compact matrix pseudogroups (quantum groups). 
Commun. Math. Phys., 122:125-170, 1989. 

[15] T. Brzezihski. Remarks on bicovariant differential calculi and exterior Hopf algebras. Lett. 
Math. Phys., 27:287, 1993. 

[16] R. Kerner. ^-graded algebras and the cubic root of the supersymmetry transformations. 
J. Math. Phys., 33:403-411, 1992. 

[17] S. Majid. g-Euclidean space and quantum Wick rotation by twisting. J. Math. Phys., 
35:5025-5034, 1994. 

[18] S. Majid. Hopf-von Neumann algebra bicrossproducts, Kac algebra bicrossproducts, and 
the classical Yang-Baxter equations. J. Fund. Analysis, 95:291-319, 1991. From PhD 
Thesis, Harvard, 1988. 

[19] S. Majid. Matched pairs of Lie groups associated to solutions of the Yang-Baxter equations. 
Pac. J. Math., 141:311-332, 1990. From PhD Thesis, Harvard, 1988. 

[20] S. Majid. Duality principle and braided geometry. In Strings and Symmetries, volume 447 
of Lec. Notes in Phys., pages 125-144. Springer, 1995. 

[21] A. Kempf and S. Majid. Algebraic ^-integration and Fourier theory on quantum and braided 
spaces. J. Math. Phys., 35:6802-6837, 1994. 



37 



